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Preface 


Now, more than ever, our world is based on numbers — some of which even have 
their own names: the number pi (m), the number e... 

Among all these notable numbers, one is particularly interesting: 1.6180339887. 
It turns out that this figure has fascinated more brilliant minds than pi or e put 
together. The list of names attributed to it is long and shows a certain reverence: 
the golden number, transcendental ratio, divine number, divine ratio... We will call 
it the golden ratio, in the main. It is represented by the Greek letter ® (phi), and 
occupies an extraordinary mathematical landscape littered with amazing numerical 
properties and several unsuspected connections with natural and human creations. 
This issue of The Beauty of Maths aspires to be a “travel guide” to the incredible 
world of this ratio. 

The issue gets under way with a review of the numerous appearances of the 
golden ratio in science and art throughout history, as well as the role it plays in 
the morphology (the study of the shape and form of things) of animals and plants. 
Once we have achieved a certain familiarity with the number, we will be ready to 
immerse ourselves in its numerical peculiarities. We will travel from the pages of 
Euclid’s Elements — the greatest scientific best-seller of all time — to the hectic streets 
of Renaissance Florence to meet up with its most famous son, Leonardo da Vinci. 

One of the wonders of the golden ratio is its inexhaustible capacity to gener- 
ate shapes with exquisite properties, from triangles to the 20-sided solids known 
as icosahedrons. But hidden behind its deferential names, the number is found in 
everyday geometric objects, such as credit cards and five-pointed stars. The former 
represent a very convenient example of the so-called “golden rectangle”, the sides 
of which obey this special ratio. And if golden rectangles are so ubiquitous, what 
can we say about spirals or stars? All are very closely linked with the golden ratio, 
and they appear frequently in buildings, mosaics and even board games. 
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But the thing that is most astonishing is the link between the golden ratio and 
abstract ideas, such as beauty and perfection, which have so occupied humanity. In 
this fascinating adventure, we are accompanied by some first-class guides: Leon- 
ardo, Le Corbusier, and many other celebrities who have submitted to the simple 
harmonies of ®. If we turn away from the work of humankind and look upon the 
nature that surrounds us, there, too, we discover the golden ratio. The development 
of many living things follows guidelines established by the number, and even fractals, 
those recent arrivals in the minds of mathematicians, exhibit properties that link 
them to the ratio. 

At the end of our long journey there will be a selection of books suggested as 
expert guides to take you deeper into the universe of the golden ratio. 


Chapter 1 


The Golden Ratio 


“The senses delight in things duly proportioned.” 
Saint Thomas Aquinas (1225-1274) 


What do seemingly unconnected natural phenomena such as the arrangement 
of the seeds in the head of a sunflower, the elegant spiral of a snail shell, and the 
shape of the Milky Way galaxy have in common? What universal geometric prin- 
ciple is hidden in the works of the great artists and architects, from Vitruvius to Le 
Corbusier, Leonardo to Salvador Dali? Incredible as it may seem, the answer to 
these two questions is simply a number; a figure known for centuries that continu- 
ally appears in all kinds of natural and artistic manifestations. As a result this number 
has earned such names as the “divine ratio,’ “golden ratio” or “golden number.” To 
reproduce the number in print is literally impossible, not because it is excessively 
large — it is barely larger than 1 — but because it is composed of an infinite string 
of digits that never conforms to a repeating pattern. And so, we must turn to math- 
ematical notations to represent the golden ratio and make it more manageable: 


1+5 


2 


= 1.6180339887. 


Later in this chapter we will see how this mathematical expression was arrived at, 
but we have to recognize that, at least at first sight, the “divine ratio” is not terribly 
impressive. A trained eye, however, would know that there is something fishy going 
on when seeing the square root of five. This root presents a series of properties that 
have earned it, and many others like it, the unpleasant-sounding title of “irrational”, 
Irrational numbers are a special set that we will also be discussing at length. 

Let’s attempt an approximation of the golden ratio, this time a geometric one, 
in a search for the number's supposed divine character. For this, we draw a rectan- 
gle, the longer side of which is the result of multiplying the shorter side by 1.618; 
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that is a rectangle in which the ratio of the sides is the golden ratio (or at least an 


approximate value). Something like this is the result: 


se 


A rectangle with these characteristics is described as “golden”. At first glance it 
may appear to us to be a very standard rectangle. However, let’s do a simple experi- 
ment with two credit cards. If we place one horizontally and the other vertically 


and line them up along their bases, we observe the following: 


et 


If we draw a diagonal line across the horizontal card and extend it, we see that it 


coincides exactly with the top right corner of the vertical card — in a somewhat 
satisfying way. If we carry out the same experiment with two books of the same 
size, particularly technical books or pocket books, it is very likely that we will 


come up with the same result. This property is exclusive to golden rectangles of the 
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same size. Many everyday rectangular objects appear to have been designed with 
the same ratio in mind. Chance? Perhaps. Or maybe these rectangles and other 
geometric shapes employing the golden ratio are particularly pleasing to the eye 
for some reason. If we were to opt for the latter possibility, we would find ourselves 
in the company of famous painters and architects throughout history. We shall 
see more of this in Chapter 4. It is no coincidence that mathematical convention 
denotes the golden ratio as the Greek letter phi (®), which is also the initial of 


Phidias, the classical architect par excellence. 


A golden world 


Much has been written about the mystery behind the most famous smile in the 
history of art, but we could also present a mathematical solution to the enigma. 
Let’s see what happens if we superimpose several golden rectangles on the face of 
the beautiful Mona Lisa: 


Did Leonardo da Vinci have the golden ratio in mind when executing his mas- 
terwork? It seems unlikely. However, it would be less controversial to suggest that the 
Florentine genius gave great importance to the relationship between aesthetics and 


mathematics. We will leave that question up in the air for now, but not without first 
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mentioning that Leonardo drew the illustrations for a mathematics book written by 
his good friend Luca Pacioli and titled De Divina Proportione, “The Divine Ratio.” 

Leonardo is not, of course, the only artist whose work reveals the golden ratio, 
either as the ratio of two sides of a rectangle or in more complex geometric shapes. 
Numerous subsequent painters appear to have used the basic principle in their work, 
including the post-impressionist Georges Seurat and the pre-Raphaelite Edward 
Burne-Jones. Salvador Dali’s The Sacrament of the Last Supper is an extraordinary work 
in which the golden ratio plays a prominent role. Not only is the canvas 268cm 
by 167cm (an almost perfect golden rectangle), but a monumental dodecahedron 
presides over the scene. This shape is one of the regular solids, or polyhedrons, that 
fits snugly inside a sphere and relates closely to the golden ratio. We shall see more 


of this in Chapter 3. 


The canvas of Bathers at Asnieres (1884), by Georges Seurat, is a golden rectangle. Some of the 
elements the work contains also fit within golden rectangles, as shown by the superimposed lines. 
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Let’s now take a look at architecture, perhaps the pinnacle of the applied arts. If 
it is true that the golden ratio creates a certain harmony that can be seen in all its 
forms, then perhaps we should find it in the geometric designs that underlie the 
world’s most iconic buildings. It is a little risky to assert this claim too vigorously. The 
golden ratio does crop up in many great architectural works from across history, such 
as the Great Pyramid or some notable Gothic cathedrals, but is often just a subtle 
presence. However, in many cases the ratio is seen much more clearly. For example, 


the various elements making up the world-famous facade of Phidias’s masterpiece, 


the Parthenon, can be neatly broken down into golden rectangles. 


The secret of roses 


The golden ratio’s connection with beauty is not just a human perception. Nature 
itself appears to grant ® a special role when it comes to selecting certain shapes 
over others. To understand this, we have to delve deeper into the properties of the 
golden ratio. Let's take our familiar golden rectangle and insert a square into it 


(its sides being equal to the width of the first rectangle). In the process we create 
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a new golden rectangle. If we repeat the process several times, we will obtain the 
following figure: 


We are now going to draw an arc in each of the inserted squares as shown be- 
low. The radius of each arc is equal to the length of one of its particular square’s 
sides. The resulting drawing will be as follows: 
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This elegant curve is called the logarithmic spiral. Far from being a mere math- 


ematical curiosity, it is readily apparent in the physical world in a dizzying trajectory 


that goes from the nautilus shell. . . 


to the arms of galaxies... 
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and back to earth again in the indisputable elegance of the spiralled petals of an 


opening rose. 


Drawn in by the queen of flowers, we now enter another realm where the golden 
ratio holds sway: the plant kingdom. Its presence is subtle and requires the introduc- 
tion of a new mathematical concept: the Fibonacci sequence. This numerical series, 
described by an Italian mathematician in the 13th century, begins with the values 1 
and 1, and each subsequent number is the sum of the previous two. The first fifteen 


numbers of this infinite series are as follows: 
1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610. 
The quotient of any number in the sequence divided by its predecessor will 


always approximate towards ®, getting more precise as we continue through the 


sequence, Let’s confirm this: 


i a 

2/1 =2 

3/2 = 1.5 
5/3 = 1.666... 
8/5 = 1.6 
13/8 = 1.625 


21/13 = 1.615348... 
34/21 = 1.61904 
55/34 = 1.61764 
89/55 = 1.61818 
144/89 = 1.61798 


® = 1.6180339887... 
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When we reach the 40th iteration of the sequence, the quotient approaches the 
golden number with a precision of 14 decimal places. The links between the golden 
ratio and the Fibonacci sequence are numerous and unexpected, and they will be 
explored in more detail later on. Suffice it to say that the incredible linkage between 
the abstract kingdom of numbers and physical reality is exceptional. 

To see just how exceptional, we will analyse a second flower with a very different 
appearance to the rose: a sunflower head packed with seeds: 


[77 
ee 
f 


The first thing we see is that the seeds form clockwise and anticlockwise spirals. If 
we count the clockwise and anticlockwise spirals, we come up with two apparently 
inoffensive numbers: 21 and 34... But we have seen these two numbers before. 

The flower’s structure is built on two consecutive numbers in the Fibonacci 
sequence. If we conducted the same experiment with the heads of other sunflowers, 
it is very likely that the results would be the same or another pair of consecutive 
numbers from the same sequence, particularly 55 and 89.This is not the only place 
we can see the golden ratio in the structure of plants. It is also in the arrangement 
of branches on some trees, the number of petals on many flowers, and even the 
shapes of leaves. A large part of Chapter 5 is devoted to exploring this seemingly 


magical connection between numbers and organic forms. 
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Irrational numbers and numerical sequences; Phidias and Leonardo; roses and 
sunflowers, all combining to create a golden world that appears to have its origins 


in one incredible number: ®. 


Numbers 


What would the world be like if one night we went to bed and, while we were 
asleep, all numbers disappeared, taking maths with them? The following day we 
would wake up to a world without computers, without radio and television, with- 
out mobile phones, and even without a kettle to make a cup of tea... And all this 
before even leaving the house! Human society cannot exist without numbers. 
Their presence is overpowering. This is not just the case in a modern society based 
on digital technology. It has always been like this. Numbers have recorded and 
guided human activities since prehistory, and they are perhaps civilization’s most 
fundamental tool. 

All civilizations have developed a number system, and every culture has repre- 
sented theirs in its own way. However, they all had the same functions — counting, 
ordering, measuring and codifying. 

The first two functions are the most obvious. To be able to count, we have to 
assign values to things, in other words give them a number. Once we have a series 
of numbered objects, it is a natural step to then put them in order. The last two 
functions appear much later in history since they involve greater complexity. Meas- 
urement requires standards — set units for each dimension — so different results can 
be compared effectively. Even more recent is the final function of numbers, codifica- 
tion. This one may have been last to appear, but without codification, perhaps better 
known these days as encryption, our modern society would be impossible. 


BRAHMAGUPTA (ap 598-670) 


The Indian mathematician and astronomer Brahmagupta published a book called Brahmasphuta— 
siddhanta in ap 628. This was the first work to employ the complete decimal system, practically 
identical to the one we use today. However, the modern way of notating decimals is down to 
Arab innovations. 
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ZERO — THE MOST IMPORTANT NUMBER 


The cornerstone of our numerical system is 0. Georges Ifrah, mathematician and historian, 
explains that “without zero and the place-value system, we could never have invented 
mechanization nor automated calculations.” 

To show off the power of zero, let's perform the simple multiplication 138 times 570 using 
the Romans’ non-positional number system. This system does not use zero and thus requires 
us to multiply CXXXVII| by DLXX. Assuming we even knew where to begin, what is certain is 
that we would have trouble finding a place to end. The calculation is a seemingly intermina- 
ble task and not much fun at all. And this is a relatively simple operation of multiplying two 
three-digit numbers. This exercise shows that the key property of our modern number system 
is not just the base used (base 10), but also the fact that the value of each digit is derived both 
from its numeral (1, 2 ete ) and from its position relative to the other numbers (12 versus 21, 
for example). Our positional decimal system therefore requires just ten numerals to denote 
any number. 

Even more important was the naming of, and assigning a symbol to, the absence of any quan- 
tity. So to indicate that there is nothing, we don't say “there are no quantities”, but rather 
“there are zero quantities.” And in place of writing nothing, we write 0. (Today's circular 
symbol grew out of the simple point that was used initially.) 

Assigning a value to nothing is the same as equating the nonexistence of something with an 
absence of something (that could become a presence). This may sound pretty meaningless but 
it is inexorably linked to the rise of trade and commerce, and over time, progress. For example, 
in many ways the European Renaissance arose from nothing at all — the number zero! 


The first documented use of a separate zero Is this Mayan hieroglyph from the first 
century sc. However, this civilization used a non-positional notation system: 1 was a 
full stop, 5 was a line, 14 was four full stops with two lines, etc. 
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The first numbers employed by people were called natural (1,2, 3, 4,5...). The 
foundation of the Pythagorean Doctrine, the most influential doctrine in ancient 
Greek mathematics and still fundamental to the mathematics of today, was the 
theory that natural numbers could be used to describe the world around us. Natural 
numbers and their fractions, conform to what mathematicians call rational num- 
bers. The term can be better understood once we see that the word “rational” has 
the same root as “ration,” which in turn is linked with “ratio”, an expression of 
the proportion between two quantities. Therefore a number is rational because 
it is the product of a ratio, and not because it is “reasonable”, in the other sense 
of the word. 

Pythagorus and his followers knew more than 20 centuries ago that V2 was 
not rational. It could not be expressed as a quotient of two natural numbers — 
dividing one number into the other. The Pythagoreans thought numbers were 
sacred characters. They believed that everything could be measured, that all was 
numerical. So the idea of an inexpressible number contradicted the very founda- 
tion of their philosophy. 

Numbers that are not rational are described as irrational. This rather misleading 
name just signifies that it is a number that cannot be expressed as a quotient of two 
natural numbers. Let us imagine, then, the confusion of the Pythagoreans when 
confronted by truly irrational values that were impossible to measure accurately, such 
as the simple diagonal running across a square (or V2). It is not surprising that they 
tried to conceal such a disturbing discovery. 

There are many mathematical differences between rational and irrational 
numbers, but perhaps one of the most playful and intuitive is what we could de- 
fine as their “musicality”. This difference, though not strictly mathematical, has a 
cause that very much is: the decimal expression of rational and irrational numbers 
is different. 

The decimals of rational numbers produce a repeated sequence we term “pe- 
riodic”, while the decimals of irrational numbers do not repeat according to any 
pattern; they appear one after the other with no predictable order. However, if we 
were to assign a tone to each numeral and “play” the decimals of the rational num- 
bers, we would hear a repeating melody like the chorus of a song. By contrast, the 
music of irrational numbers would be a discordant and jarring cacophony. 
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THE IRRATIONALITY OF 2 - | 


Let us suppose that ¥2 is rational. This means that V2 can be expressed as a ratio 
v2=2 
q 


with p and q being a whole and a prime number (and thus without factors in common). 
Rearranging and squaring 
2q? =p? 


shows that p has to be even. But if p is even, p=2r and 


2q? =4r 
and further simplifying 

g@=2r 
it turns out that qg also has to be even. Since both p and q have to be even, neither can be a 
prime and must therefore share a common factor, which is 2. Whichever way you look at the 
puzzle, the result is always a contradiction. Therefore the initial assumption that V2 is rational 
must be false. 


The definition of the golden ratio 


The golden ratio is an irrational number that we represent with the Greek letter 
phi (®). It was discovered by the ancient Greeks, and its documented history begins 
with one of the most famous and reprinted books of all time: Euclid’s Elements of 
Geometry, written around 300 Bc. 

Euclid’s masterpiece is the first scientific bestseller in history. Euclid’s objec- 
tives in writing it were twofold. On the one hand, he wanted to compile all the 
mathematical findings of his era and compose a sort of encyclopedia that would be 
a textbook used for teaching. On the other hand, he wished to introduce a certain 
methodology for demonstrating proofs and construct a new mathematical theory 
based on axioms (self-established facts) and the laws of deduction. 

The success of Elements is incontrovertible; its influence has been decisive in 
the development of all types of mathematics. The 20th century mathematician and 
teacher, Lucio Lombardo Radice, wrote:“After the Bible and the works of Lenin, it 
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[Elements] has been the most published and the most translated. Up to a few decades 
ago, it was the geometry textbook for secondary education.” Since mathematics is 
a required subject in educational systems throughout the world, all human beings 
on Earth that have gone to school have been reading Elements concealed within 
their textbooks. 


EUCLID OF ALEXANDRIA (325-265 sc) 


Despite his prominent position in the history of mathematics, little is known about the life 
of Euclid, who is often confused with another Euclid (of Megara). Euclid of Alexandria was 
born around 325 sc, and records show that he had already become the director of the 
mathematics department of Alexandria'’s Museum by the age of just 25. This institution 
was “the refuge of the Muses” and thus was more of a library and college than a public 
attraction. Indeed it was the major scientific centre in the Mediterranean world, with copies 
of all the major scientific writings of the age in its near-legendary library. It is believed that 
Euclid was educated in Ath- 
ens, and his work was being 
hailed as exceptional even be- 
fore his death around 265 ac. 
His influence extends across 
the centuries to such an ex- 
tent that when a collective 
of 1930s mathematicians, 
known as Bourbaki, wanted 
to announce a radical change 
to mathematics, the most 
attention-grabbing — slogan 
they could come up with was 
“Down with Euclid!” 


Detail of the The School of 
Athens by Raphael. The artist 
painted Euclid with the face 
of the architect Bramante and 
with a pair of compasses in 
his hand. 
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Elements of Geometry is composed of 13 books. Books I to VI are devoted to 
elemental geometry, VII to X to numerical questions, and XI to XIII to solid ge- 
ometry. Book VI contains the text that began it all: 

“A straight line is said to have been cut in extreme and mean ratio when, as the 
whole line is to the greater segment, so is the greater to the lesser.” 

Or to put it even more concisely, “The whole is to the part as the part is to the 
whole.” (The first English translation of Euclid’s work was made in 1570 by Henry 
Billingsley, soon to be the Lord Mayor of London.) 

The extreme and mean ratio, which appears with so little fanfare that it could 
easily be overlooked, is the very number that subsequently became known as the 
golden ratio and to which, in 1509, Luca Pacioli devoted an entire treatise called 
The Divine Ratio. Phi,®, the modern symbol for the golden ratio, was assigned 
much later, at the beginning of the 20th century, when the American Mark Barr 
proposed linking the number with Phidias, the builder of the Parthenon in Athens, 
by borrowing his initial. 

Now that we have presented the story behind the ratio and placed it in the group 
of irrational numbers, we will finally immerse ourselves in its mathematical nature. 
First off, we are going to have to calculate the number ®, 


If we have a line and divide it into two parts, the division will be the ex- 
treme and mean ratio in Euclid’s terms, otherwise known as a golden division 
when an ae 

1 
If both fractions are equivalent, then so must be their cross products: 


574° a-d=b-c . That takes us to the quadratic equation: 


x(x-1)=119x?-x=1 


which is equivalent to x? -—x-1=0, (1) 
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There are two solutions to this equation. The positive one, which is of interest 
to us, is 


1+V5 


2 


= 1.618. 


x= 


This is the relationship that we are looking for and the one we call ®: 


1+V5 


2 


P= = 1.618. 


Since the solution to the equation (1) is the relationship between the lengths of 
the subsections, it will be the same no matter the length of the original line.To put it 
another way: the value of the golden ratio is independent of the original length. 

Since the expression contains an inexact square root, the number ® will be an 
irrational number. That means we can never write it as a complete decimal number. 
Furthermore, there is no pattern to the infinite string of decimals. The number ®, 
then, is a non-periodic decimal number which one can never finish calculating. 
Generating an ever more accurate number for ® is of little importance because its 
significance is geometric rather than numeric. It is more than sufficient to say that 
® = 1.618033988749894 because 15 decimal places is easily precise enough for any 
calculations we might wish to do. 

Next, let’s grab a calculator and make some simple calculations taking as an ap- 
proximation the first five decimal places of ® = 1.61803. 


First we divide: 1 by ®. What do we get? 0.61803; the same decimals without 
the 1. It turns out that 1 / ® = @-1. 
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A LONGER FORM OF ® 


For lovers of precision, here is the golden ratio expressed to 999 decimal places! 


1.6180339887498948482045868343656381 1772030917980576286213544862270526 
0462818902449707207204 189391 13748475408807538689175212663386222353693 
179318006076672635443338908659593958290563832266131992829026788067520 
87668925017116962070322210432162695486262963 13614438 14975870122034080 
588795445474924618569536486444924 104432077 134494704956584678850987433 
944221254487706647809 1 5884607499887 1240076521705751797883416625624940 
75890697040002812104276217711177780531531714101 1704666599 146697987317 
6135600670874807 10131795236894275219484353056783002287856997829778347 
84587822891 1097625003026961561 700250464338243776486102838312683303724 
2926752631 16533924731671112115881863851331620384005222165791 286675294 
65490681 131715993432359734949850904094 762 132229810172610705961 1645629 
909816290555208524790352406020172799747175342777592778625619432082750 
51312181562855 122248093947 1234145170223735805772786160086883829523045 
926478780 1788992 199027077690389532 19681986 1514378031499741 10692608867 
42962267575605231 7277752035361 3936 


Now let's square it (®*). Allowing for the approximations of our working value, 


we find that ©? = ® + 1. Is this just chance? We are about to find out that it is 


most certainly not. 


Basic properties of the golden ratio 


To start, let’s remember that ® is the solution to the equation: 


x-x-1=0 (1) 


We have already explored this with an approximate value, thus showing that 


@2-O-1=0> 02=641, (2) 
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Starting with (2), multiplying the two sides several times by ® we get to: 


D=0:+0 
O =O +02 (3) 
0 =O! +0! 


What this shows is that any power of ® is the same as the sum of the two preceding 
powers. As a result, once we have the values for ® and ?, we do not need to perform 
further multiplications to obtain the remaining powers of ®; it is sufficient to add 
two consecutive powers to get the next one. 

Similarly, using the expressions (2) and (3) we can find other relationships 
between the powers of ® that involve only the intrinsic value of ® and natural 
numbers. 


@ = 02+ 0=04+14+0=204+1 

Dt = 3 + MD? = (20+ 1) + (OF 1) = 3042 

D5 = D1 + D! = (3D+ 2) + (2041) =50+3 

Do = D5 +O =8O+5 (4) 
OD? = 05 + M5 = 13048 

D* = D7 + Me = 210+ 13 


We see that to obtain any power of ®, it is sufficient to multiply the golden 
ratio by the sum of the natural numbers in the expression of the preceding power 
of ® and then add the coefficient from that preceding expression. (A coefficient is 
a multiplying number in a mathematical expression). For example, in ®6, the 8 that 
multiplies the ® is the sum of 5 and 3 that appear in the expression of ®5, and the 
5 is the coefficient that multiplies ® in this power. 

It is worth remembering the properties expressed by (3) and (4) for when we 
use the Fibonacci sequence to obtain approximations of ®, But more of that later. 
The left side of the expression (3) also shows us that we can generate a geometric 
progression of ® by adding two of its consecutive powers. 

Let's now calculate the value of 1/® to see if the result we got using its approxi- 
mate decimal value was accidental. We start with expression (2) that defines ®: 
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= 
ALGEBRAIC AND TRANSCENDENTAL NUMBERS 


Numbers that are the result of a polynomial equation (one that contains more than two terms) 
with whole number variables are called algebraic numbers. Examples of algebraic numbers 
are 2, the solution to the equation x? — 2 = 0 or the golden ratio, ®, which is the result of 
#=x-1= 0. 

Numbers that are not the result of a polynomial equation - those that are not algebraic - are 
called transcendental numbers. Since there are an infinite number of polynomial equations, we 
might think that almost all numbers are algebraic... But that is not the case; there are many 
more transcendental numbers than there are algebraic ones. 

It is not easy to prove that a number is transcendental because, since there are an infinite 
number of equations, it cannot be demonstrated using a proof. It is impossible to show the 
results of every one! The two most famous transcendental numbers are e and 7. The former 
was proven by the French mathematician Charles Hermite in 1873. And although it had been 
known about for many centuries, we had to wait until 1882 for a demonstration that 7 was 
transcendental by the German mathematician Ferdinand von Lindemann. 


Now we'll divide the elements in the equation by ®: 


(B?-@)/O=1/0 
-1=1/®. 

This surprising property opens a new horizon of possibilities. With this simple 
exercise we see that ®, despite its modest definition, is capable of providing us with 
wonderful discoveries. It projects itself into the most diverse fields of mathematics, 
and has repercussions that reach far beyond. 

Let's illustrate this by seeking the value of this undefined sequence of square 
roots 


A=yi+y1+vi+vit... 6) 


We can obtain values by adding the successive roots, generating a sequence of 
approximate decimal values for A. 
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Vi+vi =1.4142 
14+V1+Vi =1.5538 


14y1+Vi4Vi =1.5931 
1eyieyievievi =16119 


1+Vityityievievi =1.6161 
1+ Leyte yievievievi = 1.6174 
1+ (1+ 1+ yi+ 1+y1+yi4vi = 1.6178 


141414 teyieyieyievievi = 1.6180 


SEQUENCES 


To a mathematician, the term “sequence” means an unlimited group of ordered num- 
bers that are formed by following a certain set of rules. They are generally represented by 
repeating a letter with a subscript that indicates the position it occupies within the sequence: 
8, 8, Ay, mv, =f, }. 

Two examples of a sequence are the even numbers: {2, 4, 6, 8, 10, ...}={2n}, and the squares 
{1 4, 9, 16, 25, ..}={n2}. Other examples are geometric progressions, in which each term is 
equal to the preceding multiplied by a constant number called the ratio. Put another way, the 
quotient between two consecutive terms is a constant. Many sequences have an expression 
that gives us the value of each term depending on the position it occupies. Once we know this 
general term, we can define the sequence and know all its terms. In the case of a geometric 
progression, where the first term is a, and with a ratio r, the general term is expressed as 
a, =a,-r-. One can also define a sequence through the so-called /aw of recurrence, which 
allows us to obtain a term by knowing the preceding ones. It is more convenient to work with 
@ general term, but it is not always possible or simple to have one for every sequence. 
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From this point on, even if we add more terms, the results will fluctuate around 
1.618, essentially the value of ®, Again we have been caught unaware by a complete- 
ly new way of obtaining approximations of ®.We will have to verify it, though. 

By raising expression (5) to the power of 2 we obtain 


A? =1+ 1+yi+yi+vi+.... =1+A. 


Which leads us to A2?— A-1=0 


Which is the same equation that defines ®. Therefore, its solution is another 
way to express the golden ratio: 


D= 1+y1+i+vi+.. 


CONTINUED FRACTIONS 


Throughout history, a common way of approximating values has been to use continued 
fractions, These are sequences in which the a, values are the whole numbers expressed at each 


stage of a calculation. a+ 1 , 
at 7 
a,+ 


a, +... 


For ease of representation they are generally denoted as [a. Fy, Bs, Ay, 5 if a, and a, are the 
‘ones that periodically repeat, it would be written as [a 2). 


For rational numbers the equivalent periodic fraction is finite. For example: 


eS ye Sp way} 9 ol 21,3], 
Tate 3 i i 

77 aan a5 2+— 

z pees 

3 3 


Any irrational number that contains a square root can also be expressed in the form of a contin- 
ued fraction. The solution of an equation such as x7-4x-1=0 can be expressed as a continued 
fraction of periodb. ——=[b, b, b, b, .J=[B]. 

b+ 
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METALLIC RATIOS 


We have seen that the golden ratio is the positive root of a quadratic equation. This concept 
has been expanded and several similar ratios have been defined, forming a family of so-called 
metallic ratios. Besides ©, the golden ratio, other ratios exist: silver, bronze, copper... They are 
all analogous to ® with regard to geometric constructions and as limiting ratios, Metallic ratios 
are always defined algebraically as positive solutions of quadratic equations 


22-px—g=0 ™) 


where p and q are natural numbers that lead to the different ratios in the family. When we 
make p =2andq=1 the positive solution is 14-V2 = 2.414213562373095048... This result is 
known as the silver ratio, 


If we make p =3 and q the positive solution 3498 3 soz77363773100464.. Gives us the 
bronze ratio. 

The relationship between the metallic ratios is perhaps best highlighted by expressing them 
as continuous fractions. We already know that®=[1] Well, it turns out that the silver ratio 


=[2], and the bronze ratio =[3]. 


Using continued fractions to approximate ®, we end up with the following 


expression 


©=14+——_— = [htt] =-(1] © 


1 
@=1+—————_= 1+ 9 ® -®-1=0 
es 
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Therefore, we have found two more ways of expressing ®, (5) and (6). Today 
ease of calculation with computers has reduced the importance of these ways of 
approximating ®, but in the long history of the ratio, they have always been found 
among the classical literature. Even today, the methods provide an excellent mental 


exercise that only requires a pocket calculator. 


The Fibonacci sequence 


The history of mathematics is riddled with the unexpected. One surprise con- 
cerned the golden ratio, known since ancient times and so solidly grounded in 
geometry. However, centuries later the ratio was found behind a set of fractions 
that arose from a purely arithmetic sequence. The great mind behind this union 
between the geometric and arithmetic was the most distinguished mathematician 
of the Middle Ages, Leonardo Pisano — better known as Fibonacci. 

Fibonacci wrote works on geometry, algebra and number theory, but his most 
famous book deals with calculation. Liber Abaci (The Book of the Abacus) published in 


LEONARDO PISANO ~ 
FIBONACCI (C.1170-C.1250) 


Leonardo Pisano (right) was born in Pisa in 
about 1170. His more familiar nickname simply 
means “son of Bonacci (in italian, figlio di Bon- 
acci). However, this name is probably a modern 
invention. There is no proof that he was ever 
known as Fibonacci when he was alive. 

Fibonacci came to mathematics from ac- 
counting (his father was a merchant with 


international connections). Soon Fibonacci 

was showing an interest in mathematics that went far beyond its mercantile applications. 
Trading trips to North Africa gave him the opportunity to learn the latest mathematics 
from Muslim scholars, along with the Hindu-Arabic number system imported from Asia. He 
immediately grasped that system’s enormous advantages over Roman numerals. Fibonacci 
became a staunch supporter of the eastern numeralsand began to disseminate them th roughout 


Europe. It is to Fibonacci, above all, that we owe this step change in western culture. 
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1202, has a deceptive title, perhaps deliberately ironic, because in reality it attempts 
to demonstrate the advantages of Arabic numerals for calculation as opposed to 
methods based on the abacus and the old Roman numerals, which were dominant 
in Italy at the time. Fibonacci’s book put an end to this practice, but it wasn’t easy. 
Despite it being much easier to do calculations with decimal numbering, the practice 
didn’t spread that rapidly. It had to confront all sorts of resistance, above all from the 
abacists, men of numbers who had been using the abacus for centuries. However, 


in the end the algorists, the supporters of Arabic numerals, won out. 


An illustration from the 1504 Margarita Philosophica, an encyclopedia by 
Gregor Reisch, sums up the dispute between abacists (right) and algorists (left). 
The illustration shows how even three centuries after Fibonacci, the dispute 
over calculation systems still raged. 
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Besides the use of symbols and the methods of calculation, The Book of the 
Abacus tackles the theory of numbers (such as prime factor decomposition and 
divisibility rules) and contains first grade algebraic problems. Of course there is a 
chapter devoted to keeping accounts, discussing the rules underlying the distribu- 
tion of profits and losses and the exchange of money. But the book's best known 
section is the famous rabbit problem, the solution of which is known today as the 
Fibonacci sequence. 

The problem is posed as follows: How many pairs of rabbits will we have a year from 
now, if we begin in January with one pair that produces another pair each month from March, 
which in turn becomes productive after two months? 

To solve it, Fibonacci, good businessman that he was, made a table. In it he 
broke down the population growth of his family of rabbits and tracked the number 
of pairs at the end of each month in a “Total” column. A quick glance at this total 
comumn reveals a strange pattern in the sequence: each number is the sum of the 
two that precede it. 


January 
February 
March 
April 
May 
June 
July 


August 


September 


October 


November 


December 
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The numbers in the “total” column make up the so-called Fibonacci sequence, 
following the rule of recurrence: 


a, =1,a,=1;a, =a, ,+4,, (n22). 

Let’s look at the connection between this sequence and the golden ratio. We'll 
start with the expression (4) from page 26, which gave us the powers of ®, shown 
here in a summarised form: 


D3 =20+1 
D1 =30+2 
D5 =50+3 
@* =80+5 
@7 =130+8 
D* = 210413 


If we pay attention to the coefficients of the successive powers of , we see 
that they are also the consecutive numbers in the Fibonacci sequence. We can 
combine the two with this general expression of the powers of the golden ratio, 
with a, being the value at position n in the Fibonacci sequence. 


O =a D+a_ 


Now let’s look at some other connections between the two concepts. We'll use 


a calculator to find the quotient of each of the numbers in the Fibonacci 


LIMITS OF A SEQUENCE 


ee SS SSS eee 
We say that the number A is the limit of a sequence {a, } when the successive numbers of 
the sequence converge on A — after a large number of steps, the entries all approach a single 
figure. 


For example, the sequence {3} has a limit of 0 
(The fraction 1/n get ever closer to 0 as n increases). 


Whereas {=} has a limit of 2. However, not all sequences have limits. 
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sequence divided by the previous one a, /a,_,. The first few results have little to 


do with ®, but we'll carry on. What do we find? Suddenly, the answers begin to 
conform to ®. In the following table, we can see that from the tenth term on, the 


differences between successive quotients are less than 0.001. 


a 


1,000000000000000 


-0.618033988749895 


2.000000000000000 


+0.381966011250105 


~0.118033988749895 


1.666666666666667 


8 


2 
3 
4 s 1.500000000000000 
5 
6 


1,600000000000000 


+0.048632677916772 
-0.018033988749895 


Ea. 13 1,625000000000000 +0.006966011250105 
8 21 1.615384615384615 -0.002649373365279 
9 34 1,.619047619047619 +0.001013630297724 
E 10 55 1.617647058823529 -0.000386929926365 
an 89 1,.618181818181818 +0.000147829431923 


1.617977528089888 


-0.000056460660007 


13 233 1.618055555555556 +0.000021566805661 
14 377 1.618025751072961 -0.000008237676933 
ote 
15 610 1,618037135278515 +0,000003146528620 
16 987 1.618032786885246 -0.000001201864649 
17 1,597 1.618034447821682 +0.000000459071787 
18 2,584 1.618033813400125 -0.000000175349770 
19 4,181 1.618034055727554 +0.000000066977659 
20 6,765 1.618033963166707 -0.000000025583188 


This demonstrates that to approximate ®, it is not necessary to extract decimal 


values from a series of roots; it is sufficient to simply divide the members of the 


Fibonacci sequence. 


As is always the case with the golden ratio, what all these proofs indicate is 


a certain general result: the limit of the quotients of the terms of the Fibonacci 


sequence is ®. 
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Let us assume that the sequence of quotients derived from the Fibonacci se- 
quence a,,, /a, has a limit L. (We'll have to assume it because we are not going to 
prove it.) So, we can show this as: 


Ys 
L= lim = fim 2 “=! = lim (14+ =!) =1+ im == 
4, a, a, 4, 
(inte aie. 
a a 
oe 
a a 


(Bear in mind that a,,,=a,+a,_,) 


Then: 1 
L=1+— 
E 
L=L+1 
L-L-1=0 
L=®. 


The number L is described by the same equation as ®, therefore they must 
have the same value. Thus the limit of the sequence of Fibonacci’s quotients is the 
golden ratio. 

The original Fibonacci sequence begins with 1 and 1. If, instead, we were to 
begin with any two other equal numbers and we were to proceed through the se- 
quence (with each number being the sum of the two previous numbers), the limit 
of the quotient sequence will always be ®. Notice that, in the above reasoning, all 
we need to define the sequence is: 


Gay =¢. ta... 


Surprising numbers 


As we have seen, the Fibonacci sequence allows us to approximate the number ® 
as much as we want by calculating its quotients. However, the sequence has many 
more uses than predicting an explosion in the rabbit population, and it pops up 
quite unexpectedly in the work of some other mathematics superstars. Let’s take a 
look at some of its more surprising features. 
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The sum of Fibonacci sequence terms 


If we select any ten consecutive numbers from the sequence and add them to- 
gether, we will always get a multiple of 11, Taking the first ten terms by way of 
example, their total is: 


1+14+2+34+54+8+413+21+34+55 = 143=11-13, 


The same occurs with 


21 + 34 +55 +89 + 144 + 233 + 377 + 610 + 987 + 1,597 = 4,147 = 11-377. 


But this is not all. Every sum is exactly 11 times the seventh number in the added 
sequence — 13 in the first case and 377 in the second. 

Here's another surprise. Always starting from the beginning, the sum of any 
number (1) of consecutive terms from the sequence will equal the n + 2 term minus 
the first term in the sequence. We see it in the case of the first ten terms, which add 
up to 143. This is equal to the twelfth term (144) minus the first (1). In the case of 
the first 17 terms, the sum total is 4,180, which is equal to term a,,(4,181) less 1. 

Expressed as a formula, what we are saying is 


19 


1414+2+3+5+..4,=a,,,—-1. 


We can use this phenomenon to calculate the sum of any number of consecu- 
tive terms in what looks like a magic trick to the uninitiated. By way of example, 
we'll choose any two numbers, say 25 and 40, and plug them into the formula we 
have just written in place of n: 


1414+24+34+5+..a, =a,-1 


1414+24+3+45+..a, =a,-1. 


To calculate the sum of terms between a,, and a,., we just have to calculate the 
difference between the two expressions: 


a, +..+d, =a, a, 


We now have the trick: to sum all the consecutive terms between any two terms, 
it is sufficient to simply subtract their n+2 terms. 
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MARIO MERZ (1925-2003) 


The italian artist Mario Merz, one of the most distinguished figures in the Arte Povera move- 
ment, repeatedly used the Fibonacci sequence in many of his works in the 1970s, employing 
a range of different materials (neon lights, branches, animal skins, newspapers) in varying for- 
mats. Just as Fibonacci’s numbers head towards infinity, the result of a perpetual increase cre- 
ated by the sum of preceding numbers, Merz made use of the famous sequence to symbolise 
the progress of art and society. Each step of civilisation is the sum of past events, making the 
past an integral and vital part of the future. Similarly, contemporary art is the sum of preceding 


art; nothing can be created from nothing. 


A Mario Merz work which expresses the Fibonacci 
sequence in a spiral can be seen on the Naples metro system. 


Pythagorean triples 


Although there is an infinite number of Pythagorean triples, it is not easy to find 
them. But, you’ve guessed it, there is another useful application of the Fibonacci 
sequence, one which provides a means of identifying triples. We'll look at that in 
this section, but first we better figure out the relationship between Fibonacci, Py- 


thagoras and the golden ratio. 
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Humanity’s most famous mathematical proof is Pythagoras’s theorem: in any 
right-angled triangle, the square of the longer side (the hypotenuse) is equal to the 
sum of the squares of the other two sides (sometimes termed “legs”). 


@=b+e, (T) 


From a geometric point of view, we can consider each side of a right-angled tri- 
angle to be a single side of three connected squares. The area of a square is equal 
to the square of one side (a square has equal sides). Pythagoras’s theorem merely 
states that the combined area attributed to the two legs of a right-angled triangle 
~ the sum of their squares — is equal to the area of the square of the hypotenuse. 

This formula allows us to identify a triangle, without having to measuring its 
angles. All we need to do is square of the lengths of the three sides and compare 
the square of the longer side to the sum of the lengths of the other two. If this sum 
is identical, we are looking at a right-angled triangle. If it is larger, it is an obtuse 
triangle (the largest angle exceeds 90°). If the sum is smaller, the triangle is acute 
(all three angles are less than 90°). 


f= +2 


e>P+e e<P+e 
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if we extend a square from each side of a right-angled triangle, the quantity of sticky 
paper needed to cover the largest square will be exactly the same as the amount 
needed to cover the two smaller squares put together. 

When the values of the sides of a right-angled triangle are whole numbers, they 
form a group of three numbers known as a Pythagorean triple. To put it another 
way, a Pythagorean triple consists of a group of three whole numbers (a, 6, ¢) that 
satisfies 

@=b?+c?. 


We are now going to demonstrate a method of finding Pythagorean triples 
through Fibonacci’s sequence. We choose any four consecutive numbers from the 
sequence, such as 2, 3,5 and 8. With them we form three numbers: 


1.The product of the two at each end 2-8= 16; 
2.The double of the product of the two in the middle 2-(3-5)= 30; 
3. The sum of the squares of the two in the middle: 3? +5? = 34. 


We can easily verify that these three numbers (34, 30, 16) form a Pythagorean 
triple: 
162 =256 30?=900 34? =1,156 => 256+900=1,156. 
This method works in every case when using any four consecutive numbers 


from Fibonacci’s sequence. 
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THE POWER OF TRIPLES 


The best-known triple — and the one forming the right-angled triangle with the smallest sides 
~is (5, 4, 3). The numbers can be used to demonstrate the relationship: 


P+gaye 


Throughout history, this triple has been employed in the form of ropes with knots marking the 
three lengths. in some of the pictures that survive from Pharaonic Egypt, we can see people 
carrying rolls of such knotted ropes, What did they use them for? It is thought that they laid 
the ropes on the ground in the shape of a triangle, and used the knots to demarcate the 
corners. That created a shape, the sides of which were in the proportions 3, 4 and 5. All that 
shape can be is a right-angled triangle. 

The knotted ropes were a quick way of constructing a right angle (90°) corner. In Egypt, the 
knotted ropes were used to demarcate perpendiculars that criss-crossed the muddy banks of 
the Nile, showing the locations of rectangular fields, marked out every year after the river's 
floodwater had receded. They were also used when cutting the stones for Egypt's monumen- 
tal buildings. In essence, these simple ropes and their special triangle applied mathematics to 
all aspects of life. 

pS ee i a ee ee ee 


The relationship between numbers in the Fibonacci sequence 


Three consecutive numbers in the Fibonacci sequence also behave in a predictable 
way. Select any three consecutive numbers and multiply the two on the end. Then 
compare that result with the square of the middle number.The difference between 
the answers is always one; one above or below depending on the numbers selected. 
For example, if they are 3,5 and 8, in this case 3-8=5?-—1; on the other hand if 
they are 5,8 and 13 then 5-13=8? +1. 

In general the relationship between the numbers in Fibonacci’s sequence is: 


a se I a cost) ase 


If we apply this property geometrically, we discover something very disconcert- 
ing. We draw a square 8 by 8 grid (it will then contain 8? =64 smaller squares). 
Following that, we divide the square into four pieces as in the illustration on page 
42. We will then rearrange the pieces as though they were a jigsaw puzzle and 
transform them into a rectangle with sides of 5 and 13 squares. But hang on, that 
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TRIPLES AND FERMAT’S THEOREM 


Fermat's theorem is one of the most popular mathematical proofs in history. For more than 
350 years, the theorem was one of the most agonising mathematical enigmas until the British 
researcher Andrew Wiles proved it in 1995. Fermat's theorem has a direct connection with Py- 


thagoras and his triples. Fermat's theorem takes the Pythagorean triple equation a? = b? +c? 

and states that if we were to substitute the power of 2 with any other whole number exponent, 
the resulting equation would never have a whole number solution. That is, no whole triple exists 
that satisfies a” =b> +c" when n>2. 


contains 13-5 = 65 unit squares. Where has the extra square come from? To under- 
stand this phenomenon we have to look at the angles of the lines that divided the 


square. They are not exactly equal and when we use 
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BLAISE PASCAL (1623-1662) 


The Frenchman Blaise Pascal (right) applied his 
phenomenal brain to many fields of enquiry. In 
1654 he was involved in a horse carriage acci- 
dent from which he emerged physically unhurt, 
but there were psychological consequences. 
Pascal withdrew from civil society and took ref- 
uge in religion, devoting himself to philosophy 
and theology. He was a remarkable writer, and 


made important contributions to physics, ap- 


plying himself to poorly understood concepts 
of the time, such as atmospheric pressure and 
the vacuum. He is the inventor of the hydraulic press and the syringe. He also invented the 
mechanical calculator (various versions being called, together, the Pascaline devices). However, 


his most remembered contributions are in mathematics, particularly probability theory. 


Pascal noted that the binomial coefficients in successive powers of binomial expansion (a + 
) can be arranged in rows to form a triangle of numbers. This triangle now bears his name 


(see page 44) 


(a+b) =a* + 4a°b+6a2b? + dab? +b* 


The coefficients from the first to the last terms are 1, 4, 6, 4, 1, which corresponds to the fifth 


row of Pascal's triangle. 


them to create the new shape, they do not form a perfect rectangle, but leave tiny 
spaces between themselves. These small extra spaces add up to the area of that extra 


unit square that seemed to come from nowhere. 


The general term of the Fibonacci sequence 


Fibonacci defined his sequence by a law of recurrence. The general term of the 
sequence was discovered in 1843 by the French mathematician Jacques Binet. His 


expression is: 
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Aeon a] 


This formula demonstrates that the sequence of the coefficients between 


one term and the preceding one in the Fibonacci sequence is limited by the 
golden ratio. 


Pascal's triangle and Fibonacci’s sequence 


Pascal's triangle is one of the most famous numerical rules. Pascal used it as a step 
to discovering the binomial theorem, but this law was already known by Chinese 
scientists and by the 12th-century Persian mathematician Omar Khayyam. 

Pascal’s triangle is composed as follows: the first row (known as row zero) is 
1. Each following row has one number more in it than the row above, each new 
number being derived by adding together the two numbers immediately to the 
left and right above it (where there is no number to the left or right, use a value of 
0). This definition highlights the triangle’s links to the Fibonacci sequence, which 
is defined in a similar manner. With such similar definitions, we should expect 
nothing less than a direct numerical relationship between Pascal's and Fibonacci’s 
mathematical constructions. And here it is: all you have to do is align each row of 


1 
1 Toa 
ieee 
We Ee 
TES So sat 


1 ings 4 eas i ee se | 
161920. ok 
Weft 2P 55. °ODS Bir? ok 
1 828. 56 70: 567 28-81 
19 36 84 126 126 84 36 91 
110 45 120 210 252 210 120 45 101 
1 1155 165 330 462 462 330 165 55 11 1 
112 66 220 495 792 924 792 495 220 66121 
113.78 286 715 12871716 1716 1287 715 286 78 131 
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Pascal’s triangle one directly beneath the other and then add the elements diagonally 
(see diagram below) to produce Fibonacci’s sequence (1, 1, 2, 3,5, 8 etc). 


1 1 
fa 

1 a eee Cae: Te Pe og 
# 

DiS Gceae C20" 15 16 
7 


Prime numbers in Fibonacci’s sequence 


The Fibonacci sequence is filled with peculiarities. For example, the terms 4, 
of the sequence that are prime can only occupy places n that are also prime. How- 
ever, the contrary is not always true. For example, the term n=19 (a prime space), 
is a, =4,181= 37-113 (not prime). 

If we play with the prime numbers in Fibonacci’s work we also see an assumption 
that has yet to be proven: the Fibonacci sequence contains infinite prime numbers. 
To this day, no one knows if this assumption is true or false. 


PRIME NUMBERS 


Anumber that can be divided by only itself and the number one is called a prime number. If a 


number has divisors other than these two, the number is described as a composite. 7, 13 and 
23, for example, are prime; 32 (divisible by 2, 4, 8 or 16) is a composite. Any number can be 
expressed as the product of prime numbers; hence their name. 
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The Golden Rectangle 


In the previous chapter, we saw how the golden ratio has traditionally been pre- 
sented: straight line is divided in mean and extreme ratio when the length of the 
whole line is to the larger section as the larger section is to the lesser one. In other 
words, the whole is to the section as the section is to the remainder. Now let's see 
how we can use this same mean and extreme ratio to divide shapes into segments. 


Division of a segment in mean and extreme ratio 


We have a line segment AB with length a, and we want to find point X that divides 
it into two parts, the proportion of which is ®.We can explain the process in three 
steps: 

a) We construct a right-angled triangle with legs a and a/2 (half a). 


Cc 


a/2 


b) Using the centre C and radius CB (therefore equal to a/2), we trace an arc 
that cuts AC at S. 


a/2 
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c) We then trace another arc with centre A and radius AS, which cuts AB at X. 


This second point satisfies AX = x = AC—(a/2). and therefore is the point we seek. 
We can also verify that it satisfies AX / XB=®. 


x 


This exercise is known as the Theory of Construction. Why does it allow us to 
build the golden section? X will be the desired correct point if its satisfies 


AB _ AX 
AX XB 
es x 
ag Ts 


4° (1) 
At the same time, remembering the expression of the quadratic of a binomial, 
(st? =s?+2st+f, can take the form 


8) caal2) 
x47) =@ a): 2) 


When we apply Pythagoras’s theorem to this expression (2), we can inter- 
pret that the hypotenuse of the right-angled triangle with legs a and a/2 will be 
(x+a/2). 

This is exactly what occurs with hypotenuse AC, which measures (x+<a/ 2). 


If we then remove the distance CS = CB = a/2, we will have a length 
AS =x = AX. 
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The shape of rectangles and the golden ratio 


Adults today have a pile of cards in their wallets and handbags: credit cards; business 
cards; library and gym membership cards; and driving licences and identity cards. 
They take them out and put them back daily, paying no attention to a fact that is 
neither circumstantial nor lacking in importance — most of them are the same size 
and shape, or, at the very least, the same proportion. 

To find the reason that underlies this is as easy as measuring and comparing their 
sides. The quotient of the longer sides to the shorter is, in most cases, a number very 
close to 1.618, the number ®, It is not chance that the quotient of most of these 
cards is the same; it is a standard measurement. 

We use the quotient of the lengths of the two different sides to define the shapes 
of rectangles, If they agree, we can say that they have the same shape. In mathematical 
terms, we will say that rectangles with this property are similar rectangles. Therefore, 
two rectangles with sides m, n and p, q (with m<n and p<q), will be similar when: 


mm oP @) 
q 


m 


There is a very simple and effective trick to recognising if two rectangles satisfy 
the property without measuring or calculating quotients, without the need for pencil 
or paper. All you have to do is to match up the corresponding vertex (corner) of 
the smaller card with the larger and trace the diagonal to the opposite vertex. If this 
line is the same for both cards, they are mathematically similar. 
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The ratio m / n characterises a rectangle. We call it the section modulus k, where 
the ratio m / n equals k. The smaller the ratio m / n, the more elongated the rec- 
tangle. At the other extreme, m and n are equal, and then we have a very familiar 
shape — a square. A square is a particular type of rectangle, one with a modulus of 1. 
So perhaps not all rectangles are as similar as a look through our wallets and purses 
would suggest. We can find clear proof of the diversity of rectangles — of all types, 
not just golden ones — when we consider the evolution of television and cinema 
screens. Old-fashioned television screens had the ratio 4:3.A gradual format change 
has now introduced a new standard, that of modern widescreen, digital televisions, 
with a ratio of 16:9. In both cases, the ratio shows the relationship between the 
lengths of the sides. Watching a film on both types of television at the same time can 
highlight the enormous effect that the ratios have on the images. On old television 
sets, for example, human figures are more slender, more elongated vertically, whereas 
on widescreen televisions, people in old films can appear squat. To what do we owe 
the difference, and which of the two images is being distorted? A simple calculation 
shows us that they are not similar rectangles. From a mathematical point of view, 
clearly 9/16 # 3/4. Let’s calculate it: 3/4 = 0.75, while 9/16 = 0.5625. The classic 
television has a larger section modulus. Panoramic televisions distort the traditional 
television image of older films horizontally, to fill the elongated screen, making 
things appear wider than they should. 

The opposite effect occurs when a film shot for the big screen in panoramic 
form is viewed on a squarer, 4:3 screen. Normally the image is trimmed on the 
sides to fit the 4:3 screen, such that we not only lose some of the image, but also a 
large part of its effect. 
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[ EVERYDAY RECTANGLES: 
THE MEASUREMENTS OF A TELEVISION 


AS. we know, the sizes of television sets are given in inches (the inch is said to be an ap- 
proximation of the length of the first phalange of the thumb) according to the length of the 
diagonal across the screen. In metric terms, an inch is equivalent to 2.54cm. 

In the majority of European countries, the most common system of measurement is the met- 
ric system, so many Europeans — and students educated in the metric system — will find it dif- 
ficult to know the exact size of the new television they are going to buy. Knowing the inches 
of the screen and the ratio of its sides, we can calculate its exact size in more comprehensible 
terms that will save us from unpleasant surprises like discovering that a screen won't fit where 
we wanted to put it. A television with a 32” screen, with a format of 16:9, has a diagonal 
of 32 x 2.54 = 81.28cm. Therefore its true dimensions are 9a and 16a. At this point, incred- 
ible as it may seem, one of history's most ancient theorems will help us resolve a thoroughly 
modern problem. To calculate the value of a we will use Pythagoras's theorem: 


(9a) + (16a)? = 81.28? 
81a? + 256? = 3374? = 6,606.44 
a? = 6,606, 44/337 = 19.6 


a= 19.6 #443 cm. 


So, the dimensions of the screen are 9 x 4.43 = 40cm and 16 x 4.43 = 71cm, 
that is 40 x 71cm. 

The same calculation tells us that a 32” television in the old-fashioned shape of 4:3 would 
give us a screen of 49 x 65cm. This leads us to a conclusion that goes beyond the scope of 
mathematics: It isn't very easy to replace an old television with a new model! Although the 
old and new screens are described as having a diagonal of equal length, it is all too possible 
that the new television will not fit into an alcove, say, whereas the old one did. 
se 


Recognising and constructing a golden rectangle 


As we have already explained, a rectangle is golden when the ratio of its sides is ® 
that is, when its modulus is ®. From this point on we are going replace the words 
“golden rectangle” with the initials GR, and we will learn how to create and rec- 
ognise them with ease. 


51 


THE GOLDEN RECTANGLE 


Perhaps it is best to start with some properties of GR that will allow us to take 
the subject further. As we have seen, to divide a line segment AB into two others 
so that the length is ® times the width, we have to mark an internal point X that 
satisfies 


AB/AX = AX/XB 


M m 
ss 
A x B 


Then we will give the initial M to the length AX and m to the length XB. Taking 
into account that AB measures M + m, these values will satisfy that 


(M+ m)/M = M/m = ®, (4) 


Let us suppose that we have a GR like the figure below left. If we place an 
equal-sided rectangle (i.e a square) against its larger side, we create a new rectangle 
with sides M and (m + M), as we see in the figure on the right. According to the 
ratio (M + m)/M = M/m, if the original rectangle was a GR (that is, it satisfied that 
M/m = ®), then the one we have created will also be a GR, because (M + m)/M 
= M/m.This method allows us to construct ever larger GRs. 


M 


oe m+M 


The same thing will occur if we remove an equal-sided rectangle (i.e a square) 
from the shorter side of a GR, as we see in the figure to follow. Here too we create 
a rectangle with the sides m and M - m. Clearly in this case the resulting rectangle 
is smaller, but it will also be a GR if 
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GNOMON 


The ancient Greeks observed that some natural objects grew in size, in magnitude, but al- 
ways preserved their shape. They described this phenomenon as gnomonic growth. 


The inventor and engineer Hero of Alexandria defined it as follows: “a gnomon is any figure 
which, when added to an original figure, produces a figure [mathematically] similar to the 
original”. In the case of a GR, its gnomon is a square with sides equal to the longer length 
of the GR. 


With M/m = ® according to (4), it will also be that M=m Samat ad 
as we wanted to demonstrate. we fe 2 
M 
M-m 


As in the case of similar rectangles, there is also a simple and rapid method to 
know ifa rectangle is golden without having to measure its sides. Let's take two equal 
rectangles and place them one next to the other, the first horizontal, the second 
vertical, with their sides touching, as we see in the first figure below. Then we con- 
nect the vertices A and B with a line as shown in the second figure. If the straight 
line passes exactly through vertex C we are dealing with two GRs of equal size. 


B 
Cc 
m 
M 
A M yh D 
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How do we explain this fact? Well, according to Thales’ theorem, if two parallels 
cut the two sides of a triangle, they produce proportionate segments. In the second 
figure we see that AB will pass through C whenever 


AD/DB = AE/EC. 


However, if we add the values of each of these sides, we come up with the 
following: (M + m)/M = M/m. 

And yet again we bump into equation (4), the definition of ®. 

If we have a golden compass at hand (see the explanation of how to make one 


in the box below), it is sufficient to match the short compass points with the width 


CONSTRUCTION OF A GOLDEN COMPASS 


A golden compass is a simple instrument that is easy to construct. Its purpose is for drawing 
segments in a golden ratio or to verify if two segments share this proportion. 

There are various ways to build a golden compass, The simplest consists of cutting two strips of 
cardboard, plastic, or thin wood, pointed at the ends, 2cm wide and 


34cm long. We put a hole in them at 13cm from 
one of the ends. 
Join both strips through the hole in such a way 
_ that they can still be moved. Paper brads work 
well for this. When we move the strips, we get 
two isosceles triangles with two equal sides that 
measure 21 and 13cm respectively. Since these 
are two consecutive numbers in Fibonacci's se- 
quence, their ratio is close to ®. The ratio of the 
distances between each of the compass points 
will also be @. 
The compass is very easy to use. To see if two 


segments are in the golden ratio, all we have to 

do is align the shorter end with the smaller segment, and, without changing the position of the 
compass arms, place the other end on the larger segment. If it matches the length then the two. 
segments are in the golden ratio. 
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of the rectangle and then check if the space between the longer points coincides 
with the rectangle’s length. If it does, the shape is a GR. 


Construction of a golden rectangle 


With these last discoveries, the journey from now on is much easier. To build a GR 
we just have to use all the properties we have seen up to now. 

We start with a square ABCD, whose side will be the width (short side) of the 
GR we are going to construct. We mark the centre point M along one of the sides 
AB.With the centre in M and the radius MC (the distance from M to one of the 


Opposite vertices) we trace an arc that intersects with the extension of the line 


The second method for constructing a golden compasses is more sophisticated, but also more 
accurate in its measurements since it shows both the mean and the extreme values simultane- 


ously. It requires four somewhat narrower 


strips, 1cm wide. Two of them have to be A 
34cm long; one 21cm, and the last 13cm. 
Make two holes in each of them: the first 
in one end and the second at 13cm, as 
we see in the diagram on the right. Then . 
F 


we join them in the way we see in the 
second diagram next to it. In construct- 
ing the compass, we create the following 
measurements: 


AF = AH =34.cm 
BG=21cm 

AB= AC =BE=CE=13cm 
EG=8cm. 


All these distances are numbers in Fibonacci’s sequence. When we operate the compass, the ratio 
of the distances of the ends FG and GH will always be very close to @. When we place the ends 
F and H on any straight line (up to 68cm in length), the point G marks the place that divides the 
line into two segments M, m, such that M/m = ®. 
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AB. We will call this point E. The length AE is the length of the side of the GR. 
From this point, all we need to do is make a perpendicular line from E that in- 
tersects the extension of line DC at F Thus we produce the rectangle AEFD, our 
golden rectangle. 


Let's use the GR we have built to verify the golden ratio by calculating its sides. 
If we assume that side AB = AD = 1 and we find that AE = AM + ME = 1/2 + 
ME. Since ME is equal to the hypotenuse of the right-angled triangle MBC, we 
can apply Pythagoras’s theorem and we will have 


ME? = MC? = MB? + BC? =(1/2)2+12 =1/4+1=5/4, 


from which 
ME= 2 =. 


and therefore 


That is, the sides of the rectangle AEFD are 1 and ®. It is a definitive GR. 


Properties of the golden rectangle 


If we remove a square from our GR, we are left with the rectangle BEFC, which 
is also golden. If we construct the diagonals of the two GRs, we will see that they 
always intersect at a right angle. This occurs with the pairs AF and CE, as well as 
DE and BF (note: the diagonals of each pair are perpendicular to each other.) 
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We can see this in the following figures: 


A 


If we make increasingly small GRs by successively removing squares, and draw 
the same diagonals that appear in the figure above, we find that all of them are seg- 
ments of the original DE and BF lines. So they will always be perpendicular, and 
their point of intersection will always be the same point O. 
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If we could use a microscope to view all the rectangles that can be formed by 
removing squares, we would see that the point of intersection of these diagonals 
remains constant even though we are reducing its size by a factor of ®.This incred- 
ible property is exclusive to GRs. Point O is a kind of vortex, a geometrical black 
hole, a point of infinite attraction around which infinite GRs converge. 


REGULAR POLYGON AND INSCRIBED POLYGON 


A polygon is regular when all its sides and all its angles are equal. It is not sufficient for just one 
of these conditions to be met. A rhombus, for example, has equal sides, but its angles are not, 
so it is not a regular polygon. A four-sided regular polygon can only ever be a square, A rectan- 
gle has four 90° angles, but its sides are not all the same length, so it is not regular. 

An inscribed polygon is one with vertices that are all points along the circumference of a circle. 


If it is a regular polygon with n sides, we can produce an isosceles triangle by joining the centre 
of the circle with two consecutive vertices of the polygon. The triangle’s two equal sides will 
be two radii. The third side has the same length as that of the polygon’s sides. The triangle’s 
unequal angle (also called the central angle) is (360/n)?. 
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If we inscribe a regular decagon (a polygon with ten equal sides, the angles of 
which are also equal) inside a circle, the ratio between the radius and the side of 
the polygon is exactly ®, 

We could, therefore, say that a GR’s length is the radius of a circle, while its 
width is the length of the side of the regular decagon inscribed within that circle. In 
Chapter 3 we will see with greater detail the reasons that explain this relationship. 


Other notable rectangles 


As we saw in the box on page 51, the rectangles of television screens (4:3 and 16:9) 
are notable, if only for their frequent appearances in our daily lives. Now we can 
take a look at other rectangles that we come across every day, and we will compare 
them with GRs to better appreciate the uniqueness of rectangles of modulus ®. 


Rectangle V2 


We start with a square ABCD with a side of 1.We then trace an arc around a cen- 
tre point on one of the square’s vertices (A in this example) and with a radius that 
is equal to the distance between this corner and the one opposite (AC). The arc 
intersects the extension of AB at a point we will call E. The length of AE, being 
the diagonal of the 1 x 1 square, is V2, and therefore the dimensions of the rectan- 
gle we have constructed are 1 and ¥2. From this point on, we will call this type of 
rectangle RR. 


The characteristic properties of RRs is that if we divide the longer side by two, 
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we obtain another RR with half the area of the initial rectangle. The sides of the 
new rectangle will be a V2/2, whose quotient is also V2. 


In effect eee =\2 . The gnomon of RR is itself 
Eh 
/ 
This process can be repeated countless times to obtain new RR rectangles. The 
same can be done by doubling the shorter side of an RR to produce another RR. 
The following figure shows the result of various iterations of the process. 


This property of RRs was applied to the shapes of the paper used in European 
stationery: the well-known DIN standard. The letters DIN are the initials of the 
Deutsches Institut fur Normung (German Institute for Standardisation), which 
presented the standard in 1922, following its development by the engineer Walter 
Porstmann. 

The different sizes begin with the largest AO, which is an RR with an area of 
1m?. Each subdivision is then numbered exponentially (A1, A2, A3, A4...), always 
following the RR pattern. The ratio is maintained by simply dividing each paper 
unit in half. 

In terms of inscribed polygons, the width of an RR is the radius of the circle 
and the length is the side of a square inscribed within it. For example, if the radius 
= 1, the sides of the inscribed square are V2. The RR is frequently used as the 
foundations for buildings. 


THE GOLDEN RECTANGLE 


The silver rectangle 1 + V2 


The silver rectangle or silver ratio is obtained by adding the square of side 1 to an 
RR. It is a rectangle of the modulus (1 + V2) which, as we saw in the preceding 
chapter, is the solution to the equation x? —2x—1=0, and is called the silver ratio 
or silver number. The rectangle we get by this method is more elongated than the 
previous one, so structures where it is used are more slender, such as the gates of 
temples or the floor plans of buildings. 


The Cordovan rectangle 


After studying the proportions in the principal Moorish monuments in Cordova 
(Cordoba), Spain, the most striking being the famous Mosque or Mezquita, with 
an octagonal mihrab (directional niche), the Spanish architect Rafael de la Hoz 
(1924-2000) found the rectangle that explains many of the structures. De la Hoz 
framed the proportions he collected as a rectangle the sides of which were equal to 
the radius of a circle and a side of a regular octagon inscribed within that circle. The 
result is the Cordovan rectangle, which is slightly more stunted than the GR. 
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To calculate the modulus of this rectangle we have to find side L of the regular 


octagon as a function of the radius R. Once these are found, we have 


= 1.307. 


R 1 
L 


“ba 


‘i 


This is the so-called Cordovan proportion or Cordovan number. 


Spirals and the golden ratio 


Some of the most marvellous manifestations of ® can be found in spirals. Let’s 


assume that we start with a GR from which we remove squares to obtain ever 


smaller GRs, following the now familiar procedure. 


We then trace quarter circles within each of the subtracted squares. The radius of 
each is the side of the square and the centre is the vertex it shares with its daughter 
GR. That is, in points 1,2, 3, 4,5... 


62 


THE GOLDEN RECTANGLE 


If we continue the undefined shape with the succession of rectangles, we obtain 
the so-called logarithmic spiral. 


THE SPIRAL AND JACOB BERNOULLI 


The spiral curve and its properties has sparked the inter- 
est of many prominent figures in the world of mathe- 
matics. Jacob Bernoulli (1654-1705) was particularly se- 
duced by spirals, to which he devoted years of study. His 
fascination with them led him to request that a spiral be 
engraved on his tomb along with the inscription “Eadem 
mutato resurgo”, which means “Although transformed, 
| shall always arise the same.” However, despite the 
mathematician’s strict instructions, the engraver did not 
produce a logarithmic spiral, but rather a different series 
of arcs to which Bernoulli's immortal description did not 


apply. The great man may be spiralling in his grave! 
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The spiral is a curve the shape of which is unaltered when it changes size, 
whether increasing or decreasing. This property is called self-similarity. 

Another important property of the spiral is that it is equiangular, that is, if we 
draw a straight line from its centre, its point of origin, to any other point, the angle 
of its intersections will always be the same. According to this property, if we wish to 
keep the angle with which we observe a point constant, we need to approach it by 
following a trajectory that forms a logarithmic spiral. It is also known as a geometric 
spiral because the radius vector — the straight line that joins the centre with a point 
in the spiral, increases in geometric progression, whereas the angles formed by this 
radius increases in arithmetic progression as it sweeps out circles. 

Strictly speaking, the curve we have just created within our GRs is not a spiral, 
since it is formed by different arcs of circumference joined artificially, but it is a good 
approximation to a logarithmic spiral. The spiral is not tangent to the quarter-circle 
arcs (quadrants), but intersects them, albeit at very small angles. A true logarithmic 
spiral looks like this: 


————— ee ee ae ee ee  ———— 
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If we carry out the same expansion but also add in a similar variation in height, 
we create a three dimensional spiral as illustrated here: 


The qualities of the spiral have not only attracted scientists but also many artists. 


The work of the Dutch artist Maurits Cornelius Escher (1898-1972), known for his impossible 
figures, his tessellations and his imaginary worlds, was based solidly on mathematics. Escher used 
the spiral frequently, as can be seen in this 1953 engraving, entitled simply Spirals. 


We have not yet exhausted all the possibilities of spirals. In truth, we have just 
started with them. We will see later how they appear in golden triangles and how 
they are intrinsic to many beautiful natural features. 
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The Golden Ratio 
and the Pentagon 


The Assyrians formed their pentagons in a very natural way. The shape appears in 
their clay tablets, and we can sometimes still see five indentations of a finger made 
in the soft clay. However, the figure presented more of a problem for the ancient 
Greeks. In their opinion, the only valid method for drawing geometric figures was 
with a rule and a compass, but it seemed impossible to draw a regular pentagon 
with these items alone. 


The regular pentagon 


Geometric construction with the use of a rule and a compass, as begun by the 
ancient Greeks, is a very limited method. And some of the limitations appear to be 
rather whimsical. The method involves drawing points, straight lines (or segments) 
and partial circumferences (or arcs) with a rule of indefinite length, with no mark- 
ings on it to measure distances, and a compass. With these tools one can draw the 
bisector of a segment (perpendicular at its midpoint), the bisector of an angle, the 
point of symmetry of one point relative to another, a parallel straight line or a per- 
pendicular crossing at a given point, and the projection of a point on a straight line. 
One can also divide any segment into a given number of equal parts. 

However, there is a series of classical problems famed precisely because they can- 
not be solved with a straight edge and a compass. For instance, one cannot square a 
circle (constructing a square with the same area as a given circle), double a cube (or 
finding the side of a cube that has twice the volume of another cube with a known 
side length), or trisect an angle (divide a given angle into three equal angles). It is 
also impossible to construct some regular polygons using only a rule and a compass, 
the heptagon and pentagon, for example. 

However, a regular pentagon can be constructed with a rule and compass with 
the help of ®, and in this way the number ® entered into the classical thinking of 
the era. 
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K. F. GAUSS (1777-1855) 


The German mathematician Karl Friedrich Gauss 
(right) is one of the greatest scientific figures, 
known posthumously as the “Prince of Mathema- 
ticians.” He chose to specialise in mathematics, 
despite being highly distinguished in several other 
fields. Gauss’s decision was based in part on his 
discovery of how to construct the regular hepta- 
decagon, a 17-sided polygon, using rule and com- 
pass. Gauss made this breakthrough at the age of 
18, and it was key not only to his career, but also 


to the future of mathematics. 


Let us now consider a regular pentagon in which the diagonals have 


been drawn 


Let’s look at the triangle BED, one of the three types of isosceles triangle in 
the figure. Its equal sides BE = BD are the value e of the diagonal of the pentagon 
(which is equivalent to the pentagonal star). In addition, the side ED is the side 
p of the pentagon, which we take as the unit p = 1. We will verify that this obeys 
the ratio EB/ ED=e/ p= 
words, e=®. 


1=@ and is therefore the golden ratio. In other 
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A REGULAR PENTAGON WITH A STRIP OF PAPER 


Despite all the restrictions, there is a simple way of con- 
structing a regular pentagon as long as we don't take [see 
the result too seriously. All you have to do is take a strip 


of paper and tie it in a knot. The resulting shape is a 
regular pentagon. Take a good look at this diagram to 
figure it out. The resulting regular pentagon ABCDE has 
sides that lie on the hypotenuse of identical triangles, the 
longer leg of which is the same width as the strip. 


Bisecting angle D we get the triangle DEF. This has the same angles as the 
original BED, and therefore the two are mathematically similar. Therefore it 
follows that 

EB/ ED=ED/ EF. (1) 


Since ED = FD = FB= 1 and EF = EB-1 substituting for (1) we get 


2 ee 

1 B= 
EB? — EB= 

2 — EB-1=0 
pists 


69 


THE GOLDEN RATIO AND THE PENTAGON 


MORLEY’S THEOREM 


Since the Greeks could not trisect an angle, they devoted little attention to it. Therefore they 
did not know a theorem as simpie and as elegant as Morley’s: if we divide the interior angles 
of any triangle into three parts (trisect) using two straight lines that start in each corner, the six 
lines will intersect with their neighbours from each adjacent corner to form three points that 
always produce an equilateral triangle. No matter what type of triangle we start with, we will 
always get an equilateral triangle through the intersection of the trisecting straight lines. 

This theorem is unusual because the ancient Greeks knew nothing about it, although they 
had cracked most features of the triangle 2,000 years ago. The theorem is a little more than 
a hundred years old. It was discovered in 1904 by Frank Morley (1860-1937) and wasn‘t 
published until 20 years later. 


A 
eee Cc 
B 
The equilateral triangle FED is a Morley triangle. 


So we have demonstrated what we set out to do: the ratio of the diagonal and 
the side of a regular pentagon is ®. 

But there are further connections to the ratio inside the star pentagon. Let's look 
at the pentagon and the triangles that appear when we mark their diagonals. We see 
that there are only three different angles: 36°, 72° and 108°. Moreover, since 72 is 
double 36, and 108 is triple 36, they are all multiples of 36°. 

There are many isosceles triangles, but only three different types: tri- 
angles ABE, ABF and AFG. All the others are similar to one of these, and 
there are only four segments of specific lengths in them. We will call them 
BE =a, AB= AE =b, AF = BF = AG=c and GF = d, noting that a>b>c>d. 
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In each of these triangles we apply sine theory, which establishes that in any 
triangle, the quotient of the length of a side and the sine of its opposite angle is 
constant. In the triangle ABE: 


anl0s sin36 = b sin36 


And finally in triangle AFG: 


Ag ey F 


G d ¢_ sin72? _ sinl08° 
re, sin72? sin36° d_ sin36’— sin36° 


Since 72° = 180° - 108°, and the sines of the supplementary angles are equal, 
we can conclude that sin 72° = sin 108°. 
Therefore, we can establish the following ratios: 


a_b_ c_ sini08° 
6 se ad sin3e 


= 1.618033988... 
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Trigonometry has helped us deduce that by ordering the lengths of four seg- 
ments from largest to smallest, the ratio between each one and the one following 
it is constant and equal to the golden ratio. 

We can get to this ratio in another way, starting with the first of the equalities, 
keeping in mind that c=a—b, and remembering that the side of the pentagon is 
always constant, i.e. b=1. 


We see, therefore, that every two consecutive segments obey the golden ratio. 


The golden triangle 


We just saw that the pentagon and its diagonals form two types of isosceles triangle. 
The first has angles 36°, 36° and 108°, while the second has 36°, 72° and 72°. In 
both cases, the ratio between the longer side and the shorter side is equal to ®. For 
this reason they are called golden triangles (and we will call them GT from now 
on). Sometimes a specific name is given to each one: triangle 36°, 72° and 72° is 
called the golden triangle, whereas triangle 36°, 36° and 108° is called the golden 
gnomon. We will not be making this distinction. 

Drawing the diagonals of a regular pentagon produces another regular penta- 
gon at the centre, surrounded by GTs. Furthermore, the points of the star are also 
GTs. 

By means of a GT, we can construct a regular pentagon with compass and rule. 
We start with a segment of length 1, from which we construct its golden ratio (as 
we saw in the chapter preceding), of length x. Then we construct a GT with sides x 
and 1.We draw a circle of radius 1, centred in the vertex of angle 36° (opposite the 
side of length x). The decagon inscribed in the circle has sides of length x. Once we 
have constructed the decagon, we join the two alternate vertices, each time leaving 
one in the middle. In this way, we have constructed a regular pentagon. 

The same method can be used to construct ten-sided regular polygons, which is 
what ancient Greek geometers did as an exercise to demonstrate the mathematical 
possibilities of the golden ratio. 
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According to the construction we just saw,a GT's dimensions are the side of the 
regular decagon inscribed in a circle, and the radius of that circle. 


We saw in an earlier chapter that we can obtain a logarithmic spiral starting with 
a golden rectangle (GR), but we can also obtain one starting with the GT ABC 
with angles 36°, 72° and 72°( in which AB/ BC =®). If we bisect the angle at B, 
we get two triangles: DAB and BCD. The first has angles 36°, 36° and 108°, so it 
is a golden triangle. 

The second, BCD, is similar to the original, so it, too, is a golden triangle. If we 
continue the process, bisecting angle C, we obtain another CDE, which in turn is 
similar to the two preceding ones. 
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This is a good time to remember how we obtained smaller GRs within a first 
GR through a process of removing squares. In the case of GTs, if we continue to 
make bisectors we will get increasingly small GTs within the first one. The process is 
equivalent to removing a golden gnomon. This way we obtain a spiral of successive 
GTs that converges, similar to the “eye of God” of the GR, around a single point. 


The symbolism of the star pentagon 


Why are the stars that the human race has observed in the sky since the beginning 
of time represented as star pentagons? Common sense suggests that it is because 
of their twinkling. This is a visual effect caused by the starlight shining through 
variations in air density in the high atmosphere. Be that as it may, little has changed 
since our early ancestors scrutinised the skies in an attempt to decipher their hid- 
den meanings. The representation of stars in the form of star pentagons is very 
ancient; they have been found in the clay tablets of Mesopotamia as well as in 
Egyptian hieroglyphics. 
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The symbol of the star pentagon, known as pentagram, was the emblem of the 
secretive Pythagoreans. For them the pentad, that is the number five stood at the 
heart of good health and great beauty since it was a supposedly harmonious com- 
bination of the number two, the first even number or diad, and the number three, 
the first odd number or triad. 


The pentagram is a geometric figure with a long history 
as a symbol of secret societies. It figures in the riddles of the 
Rosicrucians and frequently in the emblems of Masonic lodges. 


The image of a star pentagon makes frequent appearances in our everyday lives 
with a wide range of applications. For example, it is the symbol of the stars in the 
Hollywood Walk of Fame in Los Angeles as well as being the symbol of many 
revolutionary groups at the same time. 

It is a central figure in a multitude of flags, and not just those that profess a revolu- 
tionary ideology. It appears in the flags of some Muslim countries, such as Morocco, 
representing the five commandments of Islam. In addition, the stars indicating each 
of the states of the Union in the US flag are pentagrams. 
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MATILA GHYKA (1881-1965) 


Prince Matila Ghyka was a writer and a Romanian diplomat who became a professor of aes- 
thetics in the United States. He was a student of the golden ratio, which he discussed in books 
that are now considered classics, such as the Aesthetic of Proportions in Nature and in the 
Arts (1927) and The Golden Number (1931). His work effectively introduced the subject to 
modern European culture, In these books he presented a thesis that is still well known: that the 
Greek artists of classical antiquity employed the golden ratio in a deliberate way. Although a 
very popular idea, this concept was not accepted by other authorities and continues to be the 
subject of debate. 

Ghyka’s books attempted to encompass the whole of classical knowledge, paying particular at- 
tention to Platonism and Plato's idea that numbers “exist” beyond the abstract. The books were 
very successful all over the world and garnered some distinguished, albeit sometimes overly 
fervent, advocates such as the French poet Paul Valéry. 


Periodic and aperiodic tiles 


In our hectic lives, we have little time to take notice of our surroundings, and that 
includes paying attention to the ground on which we walk. Consequently, we 
don’t see the geometries under our feet (except perhaps after the occasional stum- 
ble). In this section we will deal with the shapes and patterns of the bricks, tiles and 
mosaics all around us. 

We all know what a mosaic is. However, for the mathematical analysis we are 
about to give it, it would be a good idea to have a precise definition. A mosaic, 
therefore, will be defined as a covering of a surface by means of pieces that we 
call tesserae (or simply tiles) without leaving any spaces and without any of them 
overlapping. 

The mosaics that most interest mathematicians are those in which the tessella- 
tion is made up of polygons because polygons share edges — their vertices coincide 
—and they therefore offer an excellent field for geometric experimentation. That 
might appear like hard work, but there are working examples across the floors and 


walls of our houses, workplaces and even in the street. 
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ANGLES IN A REGULAR POLYGON 


There is a way of finding the value of the angles in a regular polygon with any number of sides. 
Since all the angles of a regular polygon are equal, the operation is begun by calculating the 
sum of the all angles of a regular polygon with a known number of sides. We will divide the 
result by the number of sides to obtain a value for each of the angles. 

To calculate the sum of the angles of a polygon with A sides we pick any vertex and draw the 
diagonals that result from connecting it to all the other vertices. There are (A - 3) diagonals 
since this vertex can be joined with all the others except for the two neighbouring ones. The 
diagonals form (A - 2) triangles. So the sum of the angles of these triangles is equal to the sum 
of the angles of the original polygon. As we know, the angles of any triangle add up to 180°. 
Therefore the total will be S = (A - 2):180°. 

Each of the angles of a regular polygon with A sides will measure s= 
Substituting the A in this expression with the number of sides of all the most common poly- 
gons, we can build the following table: 


omens [> [asp e]o 


(A=2)-180 


Angle (degrees) 


The challenge posed by a mosaic is to find the smallest motif that repeats to fill 
the space. This minimal motif can be a simple tile that fills the space by translation, 
which means that the tile repeats itself, without turns or symmetry. This process gives 
us a so-called periodic mosaic. Aperiodic mosaics don’t present a minimal motif to 
cover a plane by translation, but do it in a way that harnesses the golden ratio. 

Let's assume that we have to tile the floor (or any other flat surface) with tesserae 
of the same type, regular polygons. What type of tiles will we need? We tend to think 
that any regular polygon will do, but that is not correct. For example, we cannot tile 
anything with regular pentagons. To verify this all we have to do is draw and cut out 
some regular equal pentagons, place them on a flat surface and try to cover a surface 
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equivalent to the sum of their areas. First let’s try to place them with their vertices 
touching. There is no problem with the first two, but when we add the third we see 
that there is a space left over that cannot be filled with another pentagon. 


The angle of a regular pentagon is 108°. Joining three pentagons the angles add 
up to 3x108° = 324°. The space would close if the angles added up to 360°, the 
angle of a complete turn. We are missing 36°. If we add another pentagon, we will 
have the opposite problem — too many degrees for a single turn. 

We have found an essential condition for tiling with equal polygons: the sum of 
the angles has to be 360°. Looked at another way, the angle of the regular polygon 
tile must be a divisor of 360°. What polygons have these angles? Only the regular 
hexagon, the equilateral triangle and square. These are the only regular polygonal 
tesserae that we can tile with. Since a hexagon can be divided into six equilateral 
triangles, we can say that only two possibilities exist to fill a plane with regular 
polygons: square patterns and triangular patterns. They are used in abundance; we 
see them in the floors and walls all around us. 
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However, we won't blithely abandon pentagons as useless for our purposes. In 
truth, it is possible to tile with pentagons as long as they are not regular. For example, 
the pentagon formed by a square and an equilateral triangle: perhaps better described 
as the conventional representation of an open envelope. It is an equilateral polygon 
~ its sides are all the same length — but its angles are not equal. Thirteen other types 
of irregular polygons that can also be used for tiling have been identified. The reason 
there are rarely used in patterns is probably because they are not very aesthetic. It 
is not the fault of their geometry, 


The Alhambra was the palace of the Nasrid dynasty that ruled from Granada, Spain, 
until its conquest by Christian forces in 1492, It is an impressive monument of 
geometric art, and one of the world’s most visited tourist attractions. If we analyse 
the palace’s art, we can see that it is based on some simple foundations, 

We will demonstrate this with three types of tessellation. It is the translation 
of these, and their repeating patterns, that achieves some surprising results. The 
art of Moorish monuments is still reflected in the complex mosaics we see around 
us today. 
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The first type of tessellation at the Alhambra is called “bone” or “Nasrid bone”. 


Here we can see how it is derived and the designs it produces. 


V4, 


Corset 


Starting with a square, we draw in the diagonals, divide its base into four equal segments and then 
draw vertical lines at the intersections between those segments. Next we extract the resulting 
trapezoids formed by the lines, and we place them at the lower and upper ends of the square. 


The second “small bird”, pattern comes from a triangular pattern and produces 


a mosaic that is oft repeated today. 


We start with an equilateral triangle and draw an arc from the vertices to the bisector of each side. 
We extract the areas covered by the arcs and we rotate them so they are positioned on the outside 
of the original triangle. 
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The third example is rather unusual. Its tile base continues from a square pattern 


and produces a mosaic of “nails”. 


is 


Starting with the sides of a square, we draw two right-angled triangles inside it, the hypotenuses 
of which are the length of one side. We then extract the triangles and place them on the outside of 
the adjacent sides. 


If we are looking for other mathematical manifestations of mosaics in art, we can 
do no better than invoke the Dutch artist Escher. Escher was born at the turn of the 
20th century and was using mathematics in his work from an early age. However, 


his interest in mosaics really sprang from a visit to the Alhambra in 1936. 


This Escher mosaic uses two bird motifs, which, although they are not geometric figures, still man- 
age to fill the surface without leaving gaps. 
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Until now we have seen regular patterns (triangular and square) using only one 
type of tessellation, but one can also have semi-regular mosaics in which the tesserae 
are pairs of regular polygons that are different from the other. As before, the only 
requirement is that the angles of the resulting units add up to 360°. 

Many designs attempt to fill a space without leaving gaps by means of a repeated 
motif. Such patterns appear on sgraffiti (plasterwork), window grilles, pavements 
and printed fabrics. The designs also appear in handicrafts, such as knitting, crochet 


and embroidery. 


Railings, mosaics and designs on fabrics tend to use a repeated motif to fill spaces. The motifs are 
generally geometric shapes. 


DESIGN YOUR OWN MOSAIC 


To design mosaics like those at the Alham- 
bra is not easy, but it can be an interest- 
ing teaching exercise. It is not sufficient to 
simply create a clever design; we need to 


work with the mathematics behind a mo- 
saic, These examples might inspire you to 
have a go yourself. ISS 


Tiles mosaic 
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The Penrose mosaics 


Aperiodic mosaics are those in which there is no single motif that fills the entire 
plane by translation. It appears that the construction of aperiodic mosaics, if not 
impossible, will be very complicated or at least will require the use of many dif- 
ferent tile shapes. Until the 1970s, it constituted something of a mathematical 
mystery: 

The first possibility is to make radial mosaics. For example, we could start with 
a single tile that is an isosceles triangle. If we cut it in half and displace one half 
toward the left, it leads to aperiodic spiral paving. 


Bull mosaic Vase mosaic 
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Another challenge is to acquire a collection of tesserae that would only create 
aperiodic mosaics. For a very long time the mathematical community concentrated 
on this issue, but all they could find were examples that required huge quantities 
of basic units. In 1971, the American mathematician Raphael Mitchel Robinson 
designed an arrangement that only used six tiles, obtained by adding notches and 
tabs to square tesserae. 


eae 
Lae 


In 1973, the physicist and mathematician Sir Roger Penrose (born in 1931) man- 
aged to reduce the number of tiles to four. A year later, he reduced it to two. With 
two simple tiles, Penrose was able to construct aperiodic mosaics. His two tesserae 
are nicknamed Kite and Dart.We can see them in the illustration as figures ABD and 
BDE. When joined, they form a rhombus with side 1 and angles of 72° and 108°. 
The presence of ® is very clear, as one would expect with these angles. 
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Kite (shaded) is formed by two GTs joined along one of their equal sides. There- 
fore, the two larger ones measure 1, and the two smaller one measure ®-1=1/@. . 
Three angles are 72° and the fourth is 144°. Dart is formed by two golden gnomons 
joined along their smaller sides. It is a four-sided concave figure with sides that 
coincide with those of Kite. It has the following angles: two of 36°, one of 72° and 
a fourth of 216° (larger than a flat 180°). 

Clearly we can make periodic tessellations with these two tesserae by joining 
them into a rhombus. If we forbid periodic tiling, there is another way. We will 
identify each of the vertices (for example, with a letter) and impose the condition 
that only the vertices with the same letter can be in contact when the tiles are tes- 
sellated, 


A 


B A 


As we extend each “Penrose mosaic”, the ratio of the number of pieces of the 
two types tends toward the golden number. Intuitively it would seem that we would 
need more Darts than Kites, but the opposite is true. There are ® times more of 
the latter than of the former. 

Penrose himself developed another set of two tiles, consisting of two rhombi, 
one formed by two GTs and the other by two golden gnomons. 
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To form aperiodic mosaics with these we have to mark the sides or the vertices 
in some way. In the finished mosaic pieces of each type appears in a ratio of ®, with 


the squat tiles being more abundant than the more slender ones. 


Games using the star pentagon and the golden ratio 


Most games of chance have a mathematical basis, so it is not difficult to find games 
related to the golden ratio. Moreover, the pentagonal star has given shape to the 
boards of many games since ancient times. They were used for this purpose in 


ancient Egypt, appearing in one of the oldest forms of board game. In the Egyptian 


GOLDEN DAMES 


Pentalpha, Golden Star, Golden Dames, and 
Vultures and Crows are just a few of the thou- 


sands of games with boards in the shape of 

five-pointed stars or pentagrams. Although 

these games are ancient, most continue to 

be played today and it is not difficult to find 

descriptions of their various rules. Here we 

will look at the rules of Pentalpha, for its his- 

toric interest, and Golden Dames, for its spe- 

cial connection to our theme. Pentalpha is a 

puzzle for a single player who moves pieces 

with the final object of placing nine pieces in the vertices of the pentagram, both on the points 
of the star and in the intersections that form a smaller pentagon. There are ten vertices, so one 
will always remain vacant. The pieces move three spaces at a time. We place the piece in any 
free vertex and we count “one”; we move to a second vertex in line (occupied or vacant, it 
doesn't matter) and we count “two"; we move to a third vertex in line (this one must be free) 
and we count “three”. As the board fills up, the task becomes more difficult. 

In Golden Dames we also use nine pieces. These are placed on the vertices of the board, leav- 
ing one empty. Each player alternates, capturing the pieces as in draughts, by jumping one 
piece over another piece to an empty space beyond. The winner is the player who takes the 
last piece, leaving just a single piece on the board. 
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temple of Kurna, engravings were found of a game with a star-shaped board dated 
from around 1700 Bc. This game is Pentalpha, a form of which is still played in 
Crete, Greece. 

Because of its mathematical interest, we are going to spend some time on a vari- 
ant of the ancient game Nim, which uses the golden ratio through the Fibonacci 
sequence. For that reason, the game is also known as “Fibonacci Nim.” We start 
with N, an unknown number of tokens. Two players take turns taking the tokens 
from a single pile. 

The player who removes the last token wins. Naturally, in the first go, a player 
cannot remove the whole pile. In stibsequent turns, however, he or she can do so 


MOSAICS WITH DART AND KITE 


There are many examples of aperiodic mosaics that can be formed with Dart and Kite, the two 
tesserae formulated by Sir Roger Penrose. A few are illustrated here. 


Cartwheel mosaic 
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as long as the following rules of the game are respected: 


* in each round, a player has to remove at least one token; 
+ each player may not remove more than twice the number of tokens removed by 
his or her opponent in the previous move. (If we remove 4 tokens in a round, our 


adversary can remove a maximum of 8 on his or her turn). 


The mathematical aspect of the game resides in the fact that if N is a number 
in Fibonacci’s sequence, the second player should always win if they follow the 
correct strategy, whereas if N is any other number, the player who makes the first 


move should win. 


Polyhedrons and the golden ratio 


A polyhedron is a geometric solid made up of polygonal faces. In general it is 
implicitly understood that we are referring to convex polyhedrons — those that 


protrude from both sides of the planes that delimit its volume. 


Convex polyhedron Concave polyhedron (the two segments of 
the L-shape are in distinct planes) 
If we have a convex polyhedron with F as the number of faces, E as the number 
of edges, and V the vertices, we will always have a relationship known as Euler's 


theorem: 
FAyV=E+2 
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A polyhedron is regular when all its faces are equal regular polygons and each 
vertex is connected to the same number of edges. If the second condition is not met, 
we can still have a regular polyhedron with vertices with 3 and 4 edges as follows: 


Pyrite crystals frequently adopt perfect dodecahedral shapes. Again, we see regular 
polyhedrons are abundant in nature. 


Although it may surprise us, the ancient Greeks already knew that although 
there are an infinite number of regular polygons — they can have any number of 
sides — there are only five regular polyhedrons, the so-called Platonic solids. Three 
of them have faces that are equilateral triangles: the tetrahedron (four faces), the 
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octahedron (eight faces) and the icosahedron (twenty faces). One has six square faces: 
the cube (or hexahedron), and the last has twelve faces that are regular pentagons, 
the dodecahedron. All can be inscribed inside a sphere, which they touch with all 
their vertices. 


= Be Boa 
| 1s esses 
icosahedron ya ERY 
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In classical Greece, each of these bodies was associated with one of the elements 
in nature, The cube represented earth; the tetrahedron, fire; the octahedron, air; 
the icosahedron, water, and the dodecahedron was the symbol of the cosmos, the 
universe in its totality. As Plato said:““The gods used [the dodecahedron] to weave 
the constellations through the whole sky.” 

The great attraction the ancient Greeks, and particularly the Pythagorean, felt 
to polyhedrons no doubt came from the study of the crystallised minerals that were 
common in the Mediterranean region, including the spectacular pyrite crystal, 
which often forms dodecahedrons. 

We can see the number of faces, edges and vertices of the five regular polyhe- 
drons in the following table: 


Tetrahedron 
Cube 
Octahedron 8 12 


6 
Dodecahedron 12 30 20 
Icosahedron 20 30 ee 


If we inscribe a polyhedron around the dodecahedron, using the centres of its 


faces as each vertex of the larger shape, we end up with an icosahedron. 
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POLYHEDRIC CONTAINERS 


Any fridge is full of containers. A common container for liquids, such as milk or juice, is the 
Tetra Pak carton. This commercial name suggests that its shape is a tetrahedron, whereas in 
reality it is an orthohedron or parallelepiped. However, the original Tetra Pak container was 
indeed a tetrahedron. 
A tetrahedron is very easy and quick to construct because it only requires 
to be joined along two edges. But why then was it superseded as 
the ideal form for a container? For logistical reasons. Storing tet- 
rahedrons is complicated and always leaves empty spaces, which 
another tetrahedron cannot fill. 
The current shape of cartons is also a simple-to-build orthohedron, 
We can see how it is constructed by taking one apart. And the 
great advantage of using a orthohedric Tetra Paks is that they 
can be stored efficiently, packed together without leaving 
4 any empty spaces. 


If we do the same process with an icosahedron, we get a dodecahedron. Due to 


this property, both solids are called dual polyhedrons. 
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Not all polyhedrons have the same relationship with ®.Those that are closer to 
the golden ratio are the dodecahedron (as one would expect, because it is formed 
by pentagons) and its dual, the icosahedron. The number ® manifests in the expres- 
sions that give us the volume and the surface area (the sum of the area of the faces) 
of both polyhedrons. For an edge of length 1, they are 


Dodecahedral area = ie =3)25+ 1005 = 20.65 
3-® 


Dodecahedral volume = — = (15475) 07.66 
6-20 4 


Icosahedral volume =P = 3+V5) =2.18 


If we have an icosahedron and a dodecahedron one inside the other, like dual 
solids, the ratio between their edges is given by 


@ 
Be 


On the other hand, the twelve vertices of the icosahedron can be divided into 
three groups of four, each of which are the vertices of golden rectangles that run 


inside the polyhedron, each one perpendicular to its neighbours. 


Saal 


Dy 


Therefore, if we have three equal GRs and we place them perpendicular to each 
other so that they intersect in their centres, the twelve vertices that protrude will 
be those of an icosahedron with an edge equal to the short side of the GRs. If we 
take as the origin the point at which the three GTs intersect, the twelve vertices of 
the associated icosahedron will have the coordinates: 


(0,41,4®), (+1,+@,0), (t,0,+1). 
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Beauty and the Search for 
Perfection in Art 


In 1876, the German experimental psychologist Gustav Theodor Fechner (1801- 
1887) carried out a study with people who had no artistic expertise. He asked 
them to select the rectangle that pleased them the most from among several exam- 
ples, including a square. The golden ratio and other close variants were chosen by 
a significant majority. 

It is very simple to reproduce Fechner’s experiment. All you have to do is select 
a group of people and show them different types of rectangle. Asking them to select 
the one they prefer will produce a surprising result. As the experts know, however, 
you, the evaluator, must also be evaluated. Look at the shapes on this page: which 
rectangle do you like most? 

Fechner also carried out meticulous studies on the proportions of the human 
body, and he concluded that “for an object to be considered beautiful from the 


These are some of the rectangles in Fechner’s experiment. Which do you like best? 
Turn to the next page to see the proportions of each one. 
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16:9 rectangle — widescreen 


television. 36:24 rectangle — the shape 
of photographic prints. 
Rectangle V2 Rectangle ® - the 
~ like a DIN paper sheet. golden rectangle. 


point of view of form, there must be the same relation between the smaller part 
and the larger part, as between the larger and the whole.” This is the description of 
the golden ratio. Science, finally, appeared to give credit to the idea that the divine 
proportion possessed intrinsic harmony and beauty. 

Long before this, however, artists and architects of all periods had reached a simi- 
lar conclusion. The influence of the golden ratio can already be found in classical 
Greece, but the history of its relationship with art possibly stems from the Renais- 
sance and the dawn of a school of thought concerned with creativity. 


About the Divine Proportions 


Luca Pacioli grew up in 15th-century Italy. He and Leonardo da Vinci were re- 
sponsible for introducing the golden ratio into ideas about beauty and art. Pacioli 
did it in his book, De Divina Proportione (About the Divine Proportions), written at 
the end of 1498. The work was eventually published in Venice several years later, in 
1509, after the author had produced three different manuscripts. In the final draft, 
chapters most pertinent to our purposes appeared, including De Architectura (On 
Architecture) which was inspired by the work of the Roman architect Vitruvius. 
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About the Divine Proportions establishes the proportions that must be met to 
achieve beauty, as reflections of geometry. The book contains the famous draw- 
ings of 60 polyhedrons reputed to be by the hand of the master, Leonardo, and the 
famous Vitruvian Man image, based on ®, which has been the object of countless 
re-imaginings throughout the years. Thus the book has the essential ingredients for 
some of the most influential art in Western culture. The time was the Renaissance; 
the place was Italy; the prime movers were creative free thinkers — the artists, ar- 
chitects, mathematicians and philosophers who were to write the opening passages 
of European history and art. 
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LUCA PACIOLI (1445-1517) 


Luca Pacioli was born in 1445 in Borgo di Sansepolcro, also the home of the paint- 
er Piero della Francesca (1412-1492), from whom he received his first lessons in art and 
mathematics. Pacioli lived and studied in Venice, but later — invited by the architect Leon 
Battista Alberti (1404-1472) - he moved to Rome, where he became a Franciscan monk, 
He worked as mathematics professor in different universities until joining the court of 
Ludovico Sforza in Milan. It was here that a fortuitous encounter made history: Pacioli met 
Leonardo da Vinci. Many of the polyhedrons in About the Divine Proportions appear to have 
been drawn by Leonardo. 

Following the occupation of Milan by the French, Pacioli travelled to the most important Italian 
universities (Pisa, Rome, Bologna) where he conferred with Scipione del Ferro (1465-1526), 
the noted Italian algebraist, who was collaborating on the solution of a third-grade cubic 
equation with an anonymous colleague. 

Pacioli’s work was not limited to About the Divine Proportions. Flashes of his genius can be 
seen in Summa de Aritmética, Geometria, Proportioni et Proportionalita (Everything about 
Arithmetic, Geometry and Proportions), an encyclopaedic work of more than 600 pages, pub- 
lished in Venice in 1494. In it, he makes reference to the need for proportion in architecture, 
when he affirms that “religious services have little value if the church has not been construct- 
ed with the proper proportion.” 

There is a portrait (below) of Luca Pacioli from 1495, attributed to Jacopo de’ Barbieri, at the 
Museum of Capodimonte in Naples. In it, the mathematician appears in a Franciscan habit, 
teaching Euclidean geometry to a young noble (the Duke of Urbino). Master and student are 
surrounded by polyhedrons 
and geometrical tools. To 
Pacioli’s right hangs a rhom- 
bicuboctahedron, part filled 
with water. Luca Pacioli died 
in his native city in 1517. 


Portrait of Luca Pacioli, 
attributed to Jacopo de’ 
Barbieri. 
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Leonardo: golden perfection 


Leonardo da Vinci (1452-1519) is one of history's best examples of a genius. His 
contributions to humanity are not limited to one field, but span a wide range of 
disciplines: mathematics, physics and chemistry, engineering, military technology, 
painting, architecture, etc. The wonder of Leonardo is that he excelled in every- 
thing he did and although some of his endeavours were overlooked in his lifetime, 
sooner or later all his contributions were seen as relevant. He is the archetypal 
Renaissance man, with diverse interests and competent in all. His lasting appeal 
can be explained by his intellectual might, but also by many of his traits; put simply 


A LEGENDARY GENIUS 


Leonardo was born in Vinci, a town near Florence, in 1452. He 
was the illegitimate son of a notary, but he was raised with the 
lawyer's other sons. He remained in his father's house in Flor- 
ence until he was apprenticed in the workshop of the painter 
Andrea del Verrocchio. In 1472 he qualified as a master painter. 
His first commission, which he never finished (it was completed 
by Filippino Lippi), was for a panel for the Palazzo Pubblico. His 
dealings with the Medici, the rulers of the city, were tempestu- 
ous, and in 1486 he moved to Milan, under the governance of 
Duke Ludovico Sforza, who had ambitions for his city to rival 
the cultural stature of Florence. In his service, Leonardo painted 


Leonardo da Vinci; self- 
portrait from his old age, 
The Virgin of the Rocks and the fresco The Last Supper for the around 1513, 


convent of Santa Maria delle Grazie. 

Following the fall of Ludovico Sforza in 1550, the master painter lived in Bergamo, Mantua and 
Venice, but he eventually returned to Florence. There, in 1505, he painted his most famous 
portrait, La Gioconda (more commonly known as Mona Lisa), a painting filled with mystery 
since we don't really know the identity of the female subject, the meaning of her expression, 
or the location of the landscape behind her. 

In 1513, Leonardo moved to Rome where he worked for Pope Leo X until the pope's death in 
1517. Only then did Leonardo accept the invitation of King Francis | to move to France. He died 
there in 1519, in the castle of Clos Lucé, attended — if we believe the legend — by the King of 
France himself. 
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his persona transcends time. To begin with, 
his personality was quite unusual, particularly 
for his time. Vegetarian, left-handed, allegedly 
homosexual, Leonardo was so absorbed by 
the idea of unstoppable progress that he did 
not hesitate when it came to bending and 
even breaking the law during his experi- 
ments. His legend is enhanced by his secret 
dealings — he wrote in code, his words only 
being intelligible when viewed in a mirror — 
and by the enigmatic artworks he produced, 
such as the famous Mona Lisa, which still has 
experts puzzled. 

The drawings and manuscripts of Leon- 
ardo are collected in ten codices preserved in 
different European museums. One is in the 


Frontispiece of the Treatise on Painting personal collection of the American compu- 
in which Leonardo studies the relation- —_ter entrepreneur Bill Gates, who paid several 
SE eg million dollars for it. If we enter the name 
mathematics. 
Leonardo da Vinci in any internet search en- 
gine, we will find millions of results mentioning him. 

Leonardo was a theoretician of the art of painting, and a firm supporter of its 
fusion with mathematics. His work Treatise on Painting begins with the phrase:“No- 
body read my works who is not a mathematician.” The work was penned around 
1498, but not published until halfway through the next century. 

Leonardo only worked as an illustrator on About the Divine Proportions, but Pacioli 
himself mentions the importance of the genius’s contribution to the work.The author 
says:““The pyramids in this book, like the other figures, are by the hand of my aforemen- 
tioned compatriot, Leonardo daVinci of Florence, who no man has yet approached 
in the science of drawing.” These figures, along with Vitruvian Man (opposite), are 
now veritable icons of a way of thinking that joins artistic and scientific sensibilities: 
the humanist ideal. 

Leonardo applied scientific knowledge of human proportions to Pacioli’s and 
Vitruvius’s studies on beauty. His Proportions of Man or Vitruvian Man places a 
male figure in the centre of the universe, inscribed in a circle and a square. The 
figure complies with the recommendations of the Roman Vitruvius (Marcus 
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Vitruvius Pollio), the architect of Julius Caesar, who lived in the first century Bc.The 
Roman architect, engineer and writer became fashionable again in the Renaissance 
with the translation of all his written works in 1486. In the decades that followed, 
many editions of the works of Vitruvius were published in all the important Ital- 
ian cities. Renaissance architecture used them as a basis for the latest trends, and 
Leonardo frequently professed that the Roman was his great inspiration. 
Vitruvius’s measurements of the human figure are based on simple observations. 
He says that the height of a man is equal to the length of a man’s outspread arms 


The “ideal man”, or Vitruvian Man, presently displayed in the Gallerie dell'Accademia in Venice, 
shows the ideal proportions of the human body, relating the proportions to geometry with a square 
and a circle. The ratio between the side of the square and the radius of the circle is golden. 
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(arm span), and that if a man is flat on his back, and extends his hands and feet, the 
figure will describe a circle. Many artists attempted to portray these three forms, the 
human figure, the square figure and the circular figure, in a single illustration, not 
always with positive results. Leonardo found an original and elegant solution, based 
on the fact that the square and the circle have different centres. The genitals are the 
centre of the square, and the navel is the centre of the circle. The ideal proportions 
of the human body shown in this image correspond to the ratio between the side 
of the square and the radius of the circle — it is golden. So, thanks to the golden 
ratio, geometry united artistry and beauty. 


The ideal measurements 


The Vitruvian Man image presents the approximate proportions of the body of a 
normal adult human, used since the classical days of Greece as the artistic canon 
for representing a person. The proportions are clearly demonstrated below: 


Total height = arm span (distance between the ends of the fingers with the arms 
extended) = 8 palms = 6 feet = 8 faces = 1.618 x the height of the navel (distance of 
the navel from the ground). 


As we see, we finally get to the ratio 1.618, a good approximation of ®. If we 
verify these dimensions in our own bodies, we will undoubtedly be rather upset. 
It is difficult for us to measure up to the ideal. After all, they are the proportions of 
an idealised beauty. 

There is another way to understand the ideal canon of beauty: by using statistics. 
If we compare the individual measurements of a significant sample of people with 
the ideal measurements, we will see that, on average, the sample will come fairly 
close to the canon of beauty: a human being is ideal only as an average. The Belgian 
mathematician Lambert Adolphe Quételet (1796-1874) was one of the fathers of 
modern statistics. In 1871, his studies of the proportions of European men com- 
pletely confirmed the ideal proportions. 

This raises some interesting questions. What proportions are used in the canons 
of beauty of non-European cultures, such as Indian, African or Chinese? 
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ON A HUMAN SCALE 


Before the metric system simplified measurements, it often seemed more natural to use 
measurements of length that related to the human body: feet, palms, fingers, thumb, etc. 
Logically, the quantity they represented was taken from a real part of the body. An inch was 
derived from the thumb — and was a twelfth of the length of the foot. 

But not all people have the same size feet; therefore, where does the standard of a “univer- 
sal foot" come from? The standard measurements came from the most important human 
around. For example, the yard, a unit of length that is still in use in the United States of 
America and in Britain, was defined by King Henry | of England in the 12th century as the 
distance between the point of his nose and his thumb when he extended his arm. From there, 
a foot was defined as one-third of that length. 


Certainly beauty is just as much an ideal in all cultures, but is it the same ideal? 
Inquiries on the measurements of the human body in different countries and cul- 
tures have shown that it is. 


The golden ratio in painting 


During the Renaissance, the breakthrough use of perspective and the search 
for the ideal proportions of beauty, brought artists and scientists together. Just 
as mathematicians were exploring the numbers behind perspective, so artists inves~ 
tigated projective geometry, which they used to portray scenes in a realistic three- 
dimensional manner. Leonardo da Vinci played a key role is these successes, along 
with the likes of Raphael and Diirer. 

In 1435, the Treatise on Painting, the fundamental work on perspective by Leon 
Battista Alberti, appeared. In it he explained the methods for representing real-life 
objects. His ideas changed everything as expressed in the famous phrases: “the first 
requirement for a painter is to know geometry” and “a painting is an open window 
through which we see the painted object.” 

Alberti was obsessed with finding theoretical and practical rules to guide the work 
of artists, so his works are filled with numerous principles. In On Sculpture, he ex- 
pounds on the proportions of the human body; in On Paining, he puts forward the first 
scientific definition of perspective; and in Tén Books on Architecture, he describes his 


concept of modern architecture, completely imbued with the golden ratio. 
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LEON BATTISTA ALBERTI (1404-1472) 


Alberti was born in Genoa in 1404, when the work of Brunelleschi was at its height. Alberti 
was the illegitimate son of a wealthy Florentine merchant and banker, who had been expelled 
from Tuscany for political reasons. 

Alberti is an excellent example of a Renaissance man; he devoted himself principally to archi- 
tecture, mathematics and poetry, but he also studied linguistics, philosophy, music and even 
archaeology. He formed part of the second generation of Renaissance artists, and became 
one of their most emblematic figures. In his opinion, “an artist cannot be just a simple artisan, 
but an intellectual educated in all disciplines and all fields.” He worked as an architect for the 
renowned merchant and humanist Giovanni di Paolo Rucellai, for whom he designed part 
of the facade of the Florentine church of Santa Maria Novella, based on the golden ratio. 
His works are among the greatest in the history of architecture: the Rucellai Palace, the Villa 
Medici, to name but two. 

When Alberti died in Rome in 1472, following a busy life, he left behind unforgettable works 
and the most influential of ideas. At the time of his death, his replacement was ready: the 


young Leonardo da Vinci was 20 years old. 
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Above: In a celebrated fresco in the 
Brancacci Chapel, Masaccio painted 
(from left to right) Masolino, himself 
(looking at us), Leon Battista Alberti 
and Brunelleschi. 

Right: A page from the first book of 
the Treatise on Painting by Leon Battista 
Alberti (from a 1733 edition with 
engravings by Francesco Sesoni). 
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Leonardo da Vinci continued the study of perspective, which was at its height 
during his lifetime. The great genius affirmed that “perspective is the rein and the 
rudder of painting.” His influence is clearly identifiable in many of the artists that 
succeeded him, in particular Albert Diirer, who was equally interested in investigat- 
ing the scientific foundations of painting. Although we have no direct testimony 
of Leonardo’s use of the golden ratio, the composition of works such as The Last 
Supper coincides to an astonishing degree with several golden proportions, especially 
the golden rectangle. 

In The Last Supper, the golden rectangle defines both the dimension of the table 
and the placement around it of Christ and His disciples. With the knowledge we 
have of the golden ratio, we can see that the walls of the room and the windows in 
the back follow the same principle. 


The compositional elements of Leonardo's The Last Supper exhibit golden ratios. 
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Even the portrait Mona Lisa is subject to the golden ratio. Several 
studies have demonstrated that the sitter’s face, both as a whole and in its details, is 


framed by an elegant succession of different size golden rectangles. 


Golden rectangles are superimposed over the face of Mona Lisa 
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The star pentagon clearly underlies the composition of Michelangelo's The Sacred Family, 


In general terms, Renaissance artists were influenced — even if only subconsciously 
— by the golden ratio, using the GR for proportion at all levels of detail. The pentagram 
symbol helped them in their use of space, such as the distribution of human figures. 
The golden spiral was employed for same purpose. Michelangelo's The Sacred Family 
(above) is an example of how a star pentagon can be used. The presence of in 
Piero della Francesca’s Flagellation and Sandro Botticelli’s Birth of Venus results in 
extraordinarily beautiful images. To trace the hidden geometry within these works 
adds to the pleasure of viewing them. 
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Horizontal lines mark the golden proportions used by Sandro Botticelli in his Birth of Venus. 


The most distinguished adherent to Leonardo’s vision was Albrecht Diirer. In 
1525, Diirer published the first book on mathematics written in German: Instruction 
in Measuring with Compass and Straightedge, popularly known by the much simpler 
title Of Measurement. In it the painter and mathematician offers his philosophy 
of beauty: 

“Beauty lies in the harmony of the parts 
with each other and with the whole... Just 
as every part in itself must be drawn appro- 
priately, so does the the compilation of the 
parts need to create a harmony of the whole 
... because harmonious elements are held to 
be beautiful.” 

Of Measurement describes the construc- 
tion of a large number of curves, such as the 
conchoid curve, Archimedes’ spiral, and the 


spiral based on the golden ratio, known best 


€ . Construction of the conic section of a parabola from 
Of Measurement. 
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at that time as Diirer’s spiral. The book offers some exact (and some approximate) 
methods for constructing regular polygons. It considers pyramids, cylinders, and 
other solid bodies, and studies the five Platonic solids, as well as the semi-regular 
solids of Archimedes. Diirer did not forget the construction of conic sections, such 
as the parabola. On the whole, his work can be considered as the origin of descrip- 
tive geometry. 

Finally, the book includes an introduction to the theory of perspective. Diirer 
created many engravings in which he demonstrates the methods used for drawing 
models in perspective. 


Two engravings by Durer showing his methods of attaining perspective in his drawings. 
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ALBRECHT DURER (1471-1528) 


Durer was born in 1471 in Nuremberg, where he was 
trained as a painter and an engraver. Following his edu- 
cation, he travelled through Germany and, in 1494, vis- 
ited Venice, where he had the opportunity to come to 
know the mathematical works of Pacioli. The following 
year he opened his own workshop in his native city, Be- 
sides painting, he studied mathematics in great depth. 
He lived in Italy from 1505 to 1507 where he was more 


interested in learning about mathematics than art, 
since he was already a consummate master painter. He was named painter to the court of the 
Emperor Maximilian | in 1512. Emperor Charles V renewed his commission in 1520. Besides Of 


Measurement, Diirer also wrote the Four Books on Human Proportion. 


As far as the artist’s engravings are concerned, Melencolia I (below left) 


is perhaps his best known. In it, Diirer shows off his skill at drawing different 


objects in perspective, particularly what appears to be a rhombohedron, locat- 
ed on the left of the work. On the right of the work appears a magic square 
(below right) composed of numbers, the sum of which, when added in any di- 
rection, is always constant. The square also contains a date for the work, 1514. 


Melencolia |, by Durer, and a detail of the magic square 
in which we can see the close link between Diirer’s 
works and his mathematical knowledge. 
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Several centuries would have to elapse before the relationship between art and 
mathematics was renewed with equal vigour. That moment arrived at the start of 
the 20th century at the pinnacle of abstract art. The art historians Lucy Adelman 
and Michael Compton wrote about this period that: “above all, there was a general 
interest in non-Euclidean and/or n-dimensional geometry... The period signalled 
the defeat of perspective with its substitution by different, less systematic, canons. The 
artists made use of numeric and grid proportions that, like geometric figures, were 
associated with the idea of reducing art to its specific elements. Elements extracted 
from mathematical texts often appeared in paintings... Lastly, simple geometric fig- 
ures were often represented by machines and their products and in this way formed 
a link to progress and modernity.” 

It was a moment of creative effervescence for both disciplines. In 1912, there was 
something of a revolution when the Swiss painter and sculptor Max Bill pointed 
out: “The starting point of this new concept is probably due to Kandinsky who, 
in his book Ueber das Geistige in der Kunst (Concerning the Spiritual in Art) put forth 
the premise of an art in which the imagination of the artist would be substituted 


by mathematical conception,” 


ANAMORPHIC SKULL 


Anamorphosis is the effect by 
which an object is only clearly 
discernable when viewed from a 
specific vantage point or through 
a device that modifies the point 
of view of the observer. The most 
famous example of anamorphosis 
is in Hans Holbein's (1497~1543) 
The Ambassadors (right). In the 
lower part of the painting there is 
a distorted skull, which can only 
be seen in true perspective when 
viewed from the side, almost level 


with the image. 


111 


BEAUTY AND THE SEARCH FOR PERFECTION IN ART 


1 
r J 
SPUR a Sl os a RIB se ictal a et SET 


Suprematist Composition, by Kasimir Malevich, 1915. Abstract artists also started from geometry 
and the golden ratio appeared in many compositions. 


Piet Mondrian expressed the change in the following way:“Neo-Plasticism has 
its roots in Cubism. It can also be termed ‘Painting of Real Abstraction’ because 
the abstract (like mathematical science, but without reaching the absolute) can be 
expressed by a plastic reality in painting. It is a composition of coloured rectangular 
planes that express a deeper reality, that reaches us through the plastic expression 
of relations and not through their natural appearance... Neo-Plasticism conveys to 
these relations an aesthetic balance and expresses the new harmony in this way.” 

Max Bill defined this new way of understanding art:““The mathematical concep- 
tion of art is not mathematics in the strict sense of the word. One could even say 
that it would be difficult for this method to employ what we understand by exact 
mathematics. It is, rather, a configuration of rhythms and relations, of laws that have 
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a personal origin, in the same way that mathematics has its innovative elements 
originating from the thoughts of its innovators.” 

Many notable artists of the 20th century have a strong mathematical 
character; many fundamental works have a mathematical foundation or even use 
mathematics as a source of inspiration. The almost omnipresent Escher, one of the 
most popular artists of the last century, comes to mind, but also entire movements 
like Suprematism or Cubism. An offshoot of Cubism, called Golden Section, was 
based on the idea of the search for universal forms, The Golden Section of Cubism 
was championed by Marcel Duchamp, and included illustrious devotees such as Le 
Corbusier, Juan Gris and Fernand Léger. 


The golden ratio and architecture 


The golden ratio can be seen manifested in buildings since the time of the ancient 
Egyptians, although we cannot say with any certainty that it was employed deliber- 
ately. The height and the base of the Great Pyramid, for example, bear an intimate 
relationship to ®, 


The triumphal arches of classical Rome also recreate the golden ratio, as do the 
Lycian tombs and churches of the ancient city of Myra (present-day Demre, Tur- 
key). Other civilisations far removed from classical culture appear to concur in their 
appreciation of the golden ratio. Not far from Lake Titicaca, near La Paz, the capital 
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of Bolivia, we find The Gateway of the Sun,a pre-Incan monument with proportions 


that are completely governed by ®. 


The Gateway of the Sun in Bolivia is largely in ruins today. The monuments 
dimensions appears to be based on golden rectangles. The construction dates 
from approximately 1500 ac. 
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As we stated in Chapter 1, of all the architectural creations of the ancient world, 
the one most representative of the golden ratio is the Parthenon. The modern 
name of the golden ratio, phi, is the initial of Phidias, the designer of this ancient 


wonder. 


The Parthenon of Athens is traditionally considered to exemplify the use of the golden ratio in 
architecture, although precise measurements at the site do not equate exactly with this theory. 


Certainly the mean and extreme ratio is most prevalent in Greek culture, but 
surveys of the site bring up a surprising number of inaccuracies that have made many 
experts suspicious. Is it possible that there was a desire to find the golden ratio in the 
design of the Parthenon rather than a conscious use of the ratio by its builders? We 
can always count 666 steps, stairs or inches, between any two points to herald the 
rising of the Devil from hell. Similarly, if we take the appropriate measurements in 
any monument we can almost always find ® as a quotient, even though the architect 
did not consider it in his construction. 
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We can, however, certify deliberate uses of the divine ratio in the Middle Ages, 
because they are frequently documented.The regular pentagon or the star pentagon 
appear as structures throughout this period. The spectacular rosette windows of 
Gothic cathedrals are classic examples of this. 

With the translation of Vitruvius’s work, the theorists of Renaissance architec- 
ture reclaimed the concept of harmonious proportions in the pursuit of beauty. In 
a corresponding section of The Divine Proportion, Luca Pacioli places man at the 
centre of all things: “We will speak first of human proportion with reference to its 
body and members, since all measurement with its nomenclatures derives from the 
human body, and the finger of the Almighty emphasises all kinds of proportions 
and proportionalities that reveal the most intrinsic secrets of nature,” to then use 
him as a measure of the world.““For this reason the Ancients, considering the proper 
distribution of the human body, shaped all their works, and especially their sacred 
temples, in accordance with the proportions of said body, because within it they 
found the two principal figures without which it is impossible to do anything, that 
is, the circle... and the square.” 

In his Ten Books of Architecture, the polymath Leon Battista Alberti (1404-1472) 
affirms that beauty consists of the harmony of the parts with each other and with 
the whole. Alberti says that beauty “is the absolute value of an aesthetic organism, 
that arouses in the human soul an internal joy, evoking an irreplaceable harmony 
between man and the universe by means of mathematical calculations, the interplay 
of proportions, or in terms taken from Plato’s Timaeus, the Pythagorean means.” 

The close relationship between proportion and harmony in the sphere of 
music encouraged the search for a similar relationship between the structural 
elements of a building. Perhaps this idea stemmed from the reflections of Andrea 
Palladio (1508-1580), the Venetian architect of Mannerism, who would have such an 
influence on neo-Classicism. In his work Four Books of Architecture, Alberti considered 
that the proportions of voices were harmony for the ears, whereas those of dimen- 
sions were harmony for the eyes: “These harmonies please greatly, even though no 
one, except for those that study the cause of things, knows why.” 

Italy of the Renaissance was not the only place to use the golden ratio in the 
design of its monuments. The University of Salamanca is the oldest university in 
Spain (dating from 1218) and was the first such institution in Europe to be known 
as “university”. The facade was rebuilt in the fifteenth century in the Plateresque 
style, a fusion of Moorish and Flemish-Gothic typical to the Spanish Renaissance, 
The golden ratio is central to its proportions. 
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The facade of the University of Salamanca incorporates a large golden rectangle. 


Contemporary architecture 


Advances in building techniques and the development of new materials shattered 
the limits of the imagination for the architects of the 20th century. The American 
Frank Lloyd Wright (1867-1959) was one of the chief proponents of organic ar- 
chitecture. Shortly before his death, as an elegant swansong, he designed the access 
ramp of the Guggenheim Museum in New York: a very daring spiral reflecting the 
structure of a nautilus. 

The Polish-Israeli architect Zvi Hecker (born 1931) also used spiral designs 
in the Heinz Galinski School in Berlin, built in 1995. Hecker began with the 
idea of a sunflower, with a circle in the centre from which all the architectural 


elements radiate. 
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Exterior and interior views of the golden spiral at the Guggenheim Museum in New York. The 
building revolutionised architecture at the time, 


The building is a combination of orthogonal and concentric spirals which at- 
tempt to represent the synergy of rigid human knowledge and the controlled 
chaos of nature. [t imitates a plant that follows the orbit of the sun, so that sunlight 


illuminates the classrooms throughout the day. 


Aerial view of the Heinz Galinski School, designed by Zvi Hecker. The plan is inspired by the 
arrangement of the petals of a sunflower. While the architect imitates nature, the placement of the 
petals is closely related to ®. 
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AHEAD OF ITS TIME 


The Monument to the Third International proposed by 
the Russian Vladimir Tatlin (1885-1953) in 1920 was 
never built, but scale models present it as an enormous 
tower of iron, glass and steel. A double spiral of iron and 
steel was to wrap around three floors, full of glass win- 
dows, each of which would rotate at different speeds. 
The first would be a cube that would complete a rotation 
in the span of one year; the second would be a pyramid, 


which would complete a rotation once a month; the 
third, a cylinder, would complete a rotation once a day. 


Quincy Park, located in Cambridge, Massachusetts (United States), is full of 
references to the golden spiral. It was designed in 1997 by the artist David Phillips 
and it is very close to the Clay Math Institute (CMI). The CMI is a famous centre 
of mathematical research. Among other reasons, it is known for offering million- 
dollar prizes for the solution of each of seven Millennium problems, selected by 
the greatest experts in the field. In Quincy Park, one can stroll between statues 
with golden spirals and metal curves, reliefs of two shells and a rock with a square 
root symbol on it.A plaque gives information about the golden ratio, and even the 
bicycle parking makes use of the symbol ®, 


Le Corbusier 


The groundbreaking and radically modern 
Le Corbusier was shaking the hand of Luca 
Pacioli across the centuries. In the metric era, 
Le Corbusier aspired to make his own contri- 
bution to the illustrious history of the golden 
ratio. He complained that the metric system 


had depersonalised the units of measurement, 


and that, therefore, the idea of human scale 


The United Nations building in New York 
had been lost. presents three golden rectangles. 
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LE CORBUSIER (1887-1965) 


Charles-Edouard ——_Jeanneret-Gris, 
better known as Le Corbusier, was 
born in Switzerland, but became 
a naturalised Frenchman. Having 
trained in his homeland, Le Cor- 
busier moved to Paris at the age of 
29, where he opened his own archi- 
tectural studio in 1922. He travelled 
through Europe, Latin America and 
the United States, 

Le Corbusier went beyond architec- 
ture into town planning and product 
design. Some of his designs are con- 
temporary icons, including his chaise 
longue. He founded influential jour- 


nals, gave lectures, and published 


several academic works; he was also 
a noted painter. Le Corbusier built individual houses and large urban developments in coun- 
tries all over the world, becoming one of the most famous of all architects. He participated 
in the international commission that designed the United Nations building in New York. With 
modifications by Niemeyer, another giant of architecture and a disciple of Le Corbusier, his 
project was finally carried out, It is not surprising, therefore, that we can identify three golden 
rectangles in the facade of that immense building. 


To recover the human influence, Le Corbusier invented his own scale, based 
on the golden ratio, but passed through the filter of modern times. As an answer to 
Vitruvius’s ideal man, he came up with Modulor Man. “The metre, centimetre, the 
decimetre are not to the human scale; the modulor is. I took the proportions from 
the solar plexus to the head and the arm and found the golden ratio there, and I 
created a system of measurement that responds to the dimensions of the human 
body. I discovered it without realising it. I am not pretentious, but it is important 
and it opens enormous possibilities for industry; it is useful and modern, it is a 


sensational innovation.” 


120 


BEAUTY AND THE SEARCH FOR PERFECTION IN ART 


Matila Ghyka recognised the contribution of Le Corbusier in the second volume 
of his book, The Golden Number, in which he explained that the golden rectangle, 
“has triumphantly entered architecture through the recent plans of the most cel- 
ebrated representative of the new movement.” He went on to describe the plans 
of the architect for the Mundaneum in Geneva. Le Corbusier explained that he had 
conceived of the Mundaneum as a rectangular city where the ratio between the 
length and the depth of the rectangle is B:“‘The golden ratio defines both axes (of 
growth), as well as the sides of the general enclosure. The rhythm is ordered accord- 
ing to the golden ratio, a measure that has determined the harmony of so many 
works throughout history.” 

The years of World War II halted construction. Le Corbusier devoted this time 
to theory. Between 1942 and 1948 he developed the modulor, a system of meas- 
urement for the construction and 
design of home furnishings based on 
the golden ratio and on the measure- 
ments of a Saxon (northern Europe) 
stereotype (1.82 metres tall). The 
book, The Modulor, was published in 
1950 and was an immediate success. It 
had a sequel in 1955: The Modulor 2, 
which adapted the measurements to 
a Latin (southern Europe) stereotype 
(1.72 metres tall). The modulor system 
again made use of the classical idea of 
relating the proportions of buildings 
with those of the humans who lived 


in them. 


Statue of The Modulor based on the idea/ 
measurements suggested by Le Corbusier. 
The figure with an arm upraised measures 
226cm and its midpoint is at the navel 
(113cm). Both numbers multiplied or di- 
vided by ® generate a Fibonacci number. 
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THE GOLDEN RATIO IN THE WORK OF LE CORBUSIER 


Villa Savoye, in Poissy on the outskirts of Paris, is a good example of Le Corbusier's use of the 
golden ratio ®. The proportion can be seen both in the exterior and the interior of the build- 


ing. However, Le Corbusier applied the ratio most in Marseille’s Unité d’Habitation in order to 


maximise functional design as well as any aesthetic consequences. 


The Villa Savoye is now a museum and French national monument. Pictured are a view of the 
rear (left) and the sitting room (right) with access to the central terrace 


Exterior and interior of the Unité d’Habitation, All the spaces inside the building are 
based on the proportions of the modulor system. 


The golden ratio in design 


Typography began with the use of the printing press, and, of course, the same 
names from our story crop up in the design history of different types of presses, in- 
cluding Luca Pacioli, Leonardo da Vinci and Diirer. Part of their contribution was 
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to apply the principles of proportionality that governed the rest of their activities. 
When he produced the Prayer Book of Maximilian I, Diirer employed the golden 
ratio both in the text and in the illuminations. 

However, even before Gutenberg, the format of books revealed an approximation 
to the golden ratio. The proportion that is considered to be the most harmonious 
for books is 1:1.6 (which can also be expressed as 5:8), but it is generally reserved 
for de luxe editions because it doesn't make very good use of paper. A more com- 
mon format is 1:1.4 (also expressed as 5:7). 

Although, to today’s digital generation, all this looks like minor skirmish- 
es from a time long, long ago, we must not forget. Even today we are using ® 
in web page design. Moreover, the classic form of the Apple iPod, that icon of 
contemporary design, has the dimensions of aGR. 

Cigarette boxes are also GRs ever since a well-known brand imposed their design 
in 1955 in a campaign to change its image. In truth, the motive was less aesthetic and 
more practical. Today cigarette boxes are constructed with a clever fold that forms 
a lid. As a result, this design is termed flip-top box. The largest resulting rectangle 
of the orthohedrical box is 8.5cm x 5em, with a quotient of ®. Its was soon copied 
by all brands throughout the world. 

In clothing design, there are some unusual uses of the golden ratio. An American 
jeans brand has ® appearing in the curve of the front pocket, in the proportions of 
the back pocket, in the relation between the back stitch of the hip and the interior 
stitching of the trousers. 

Another manifestation of the the golden ratio takes us to the arena of sports. The 
majority of football pitches are rectangles with a modulus approaching 1.52. But 
others are not, and one striking example is at Real Madrids’ stadium. Its turf is almost 
a golden rectangle with a modulus of 1,606. (Its dimensions are 106m x 66m). 


FIBONACCI’S FROGS 


At the World Fair of 2008, celebrated in the Spanish city of Zaragoza, the artists Angel Arrudi 
and Fernando Bayo distributed 610 small frogs throughout the showground. 610 is one the 
numbers in the Fibonacci sequence. In the centre they placed a concrete structure in the shape 
of a cube embedded in the ground. Applying the golden ratio, the artwork formed a conjunc- 
tion of a cube with a circle measuring the number pi. The installation was called Little Frogs. 


—— 


123 


——S = “se 


BEAUTY AND THE SEARCH FOR PERFECTION IN ART 


Although they don’t generally admit to being conscious of this, comic book 
artists also use ® in their drawings to locate the focal point. If we apply ® to a 
rectangular 5x3cm cartoon, we get for 5cm: 1.618 = 3.09cm and for 3cm: 1.618 = 
1.85cm. Thus these results can be applied to the rectangle in four different forms. 


‘We can see this kind of placement of images in the works of many strip 
cartoonists. 

Design as applied to music has not escaped the golden ratio either. The prominent 
violin-maker Antonio Stradivarius (16441737) was very careful to place the holes in 
his violins according to the golden ratio. Despite the Italian’s extreme thoroughness, 
there is no evidence that this precise requirement had any influence whatsoever on 
the quality of the sound. As for composers, it seems that both Debussy and Bartok 
knew and used the golden ratio in their scores. 
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Chapter 5 


The Golden Ratio 
and Nature 


Imagine a very simple shape, such as a rectangle. How can it increase in size without 
losing its shape? Common sense tells us that it has to grow in a uniform manner, 
that is, in the same proportion in all directions, as though the sides were elastic and 
were carefully stretched, little by little. It would be logical to assume that a natural 
growth of a rectangle would mean that all sides lengthened at the same speed. But 
in so doing, the ratio between the lengths of the two sides would not be constant, 
and the growing rectangle would therefore lose its shape. 


Growing shapes 


In Chapter 2, we verified that adding a square to a golden rectangle with sides 
equal to the long side of the rectangle produced another GR. Its size has increased, 
but its shape is preserved since in all GRs the ratio of the sides is the same (®). 
The inverse occurred when we subtracted squares from a GR. For this reason we 
said that the gnomon of the GR was the square. This property is exclusive to GRs 
and leads to the definition of ®, Therefore, to change the size of a figure without 
altering its shape we can use the golden ratio. We can verify this by observing the 
growth of living things, particularly plants. 

To understand exactly what is meant by “preserving shape,” let us think for a 
moment about human beings. Are our proportions preserved as we grow? Quite 
the contrary; we should say that our development represents a constant change in 
proportion. Although we may not relish it, it is fortunate that we do change as we 
age. If we maintained the shape we had at birth, we would have serious problems 
holding our heads upright. 

On the other hand, we also saw the golden spiral, which is fundamentally differ- 
ent from other spirals by the way is widens as it turns. The Scottish biologist D’Arcy 
Thompson (1860-1948), known as “the first biomathematician,” stated that the way 
some living things increase in size without changing overall shape is characteristic of 
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a 


Foetus at2 Foetusat7 Foetusat9 Childat2 Childat6 Childat12 Adult at 18 
months months months years years years years 


A comparison of the proportions between the head and the human body during 
the different stages of development. 


the logarithmic spiral and no other mathematical curve:“Any plane curve that starts 
from a fixed pole and is such that the polar area of a sector is always the gnomon 
of the area previously derived, is a logarithmic spiral.” 

Insects follow a golden spiral when they approach a point of light. If, instead of 
distancing ourselves from a fixed point, we wish to get closer to it while preserving 
the angle of the turn, this spiral is the only route we can take. Birds of prey maintain 
this kind of trajectory when they swoop down on prey. It is the only way they can 
hold their heads up and in the same position to maintain their target in constant 


view while maximising their speed. 


The golden ratio in living things 


Leonardo's Vitruvian Man assumed that ® was reflected in the animal world. From 
that point on, art and science saw numerous studies on the links between differ- 
ent human body parts and the golden ratio. However, already in the Middle Ages, 
human dimensions were being used as standards. The builders of French cathedrals 
used a measuring instrument that consisted of five articulated rods representing the 
lengths of the palm, the fingerspan, the handspan (including the thumb), the foot 
and the elbow. 
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finger span 


All these lengths were multiples of a smaller unit called a line, which was a 12th 
of an inch and equivalent to a little less than 2.5mm (more precisely, 2.247mm).The 
following table shows these measurements converted into metric units. We can see 
that the numbers of line subunits are successive entries of the Fibonacci sequence, 
so the ratio of each one relative to the preceding will be ®, which is all the more 
surprising since the initial measurements were taken from arbitrary sections of the 
human body. 


Crain seis [Fee 


Phyllotaxis and the golden ratio 


Phyllotaxis is a word of Greek origin composed of phyllo, meaning “leaf”, and 
taxis, meaning “order.” The word refers to the area of botany that studies the ar- 
rangement of leaves on a plant stem. This, as we shall see, appears to follow geomet- 
ric and numeric principles. The study of phyllotaxis has resulted in the discovery 
of some astonishing natural growth systems, which appear to conform to precise 


mathematical terms. 
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SPIRALS 


A spiral is a continuous curve that winds around a central point without ever crossing over itself. 
There are different types, drawn in different ways, each with their own special properties. 

The first type is the so-called Archimedean spiral, in honour of its discoverer, who observed it 
in a spider's web. We can make one by wrapping a rope around a pole, then carefully slide the 
rope off the pole onto a flat surface, maintaining a tight coil. The rope will describe a spiral in 
which the distance from the centre to any part of the coil is proportional to the total angle of 
rotation. One of the spiral’s main properties is that the distance between any two turns in the 


coil remains constant, 


If we follow the same procedure with a rope wrapped around a cone, the resulting spiral is 
the golden spiral or Duirer’s spiral (the famous /ogarithmic spiral we have found throughout 
the book). In this case, the spirals increase in width, as can be observed in a cross-sectional 
drawing of a mollusc shell. 

A spiral projected into a third dimension becomes a helix, Helices can increase in size as they 
turn, as we see in the horns of some animals. These are called conical helices. A helix can also 
maintain a constant width (as in the case of springs, spiral staircases or the double helix of DNA), 
which we call a cylindrical helix. 


We can see at first glance that the leaves of a plant never grow one on top of 
another. If they did, some would shade others from the sunlight they all need. To 
avoid this, the leaves need to grow according to a certain pattern, and detailed analysis 
has resulted in a mathematical description of that pattern. 

Leonardo would be the first to disentangle the key principles. The great genius 
realised that the leaves were arranged as spirals along the length of the stem in groups 
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JOHANNES KEPLER (1571-1630) 


The German astronomer Johannes Kepler was, at a 
very early age, a supporter of the heliocentric the- 
ory of the solar system. This had been established 
by his Polish colleague, Copernicus, who showed 
that the planets orbit around the Sun, not around 
Earth, However, the official doctrine continued to 
be that the Earth was the centre of the universe, 
and to say different could lead to prison, 

Kepler was a believer in the Pythagorean con- 
cept that everything is governed by numbers. He 
thought the universe as he knew it was based on 


the five Platonic solids (the only regular polyhe- 
drons possible), He attempted to produce a geo- 
metric model of the orbits of the six planets known at the time. He presented it in his first work, 
Mysterium Cosmographicum (The Sacred Mystery of the Cosmos) in 1596. Kepler was trying to 
explain the world following the Greek concept of “harmony”. 

Kepler's model is described as follows: “The sphere of the Earth is the measure of all the orbits 
Circumscribe a dodecahedron around it. The sphere that surrounds it is the orbit of Mars. Cir- 
cumscribe a tetrahedron around Mars. The sphere that surrounds it is Jupiter. Circumscribe a 
cube around Jupiter. The sphere that surrounds it will be Saturn. Now inscribe an icosahedron 
in the orbit of the Earth. The sphere inscribed is the orbit of Venus. Inscribe an octahedron 
inside Venus. The sphere inscribed is Mercury.” 

With this construction, the German mathematician achieved a beautiful and harmonious mod- 
el that fits with the observations of his time with only limited errors. However it had nothing to 
do with reality, as Kepler himself was forced to admit shortly after publication. 


of five, which indicates that the turn ratio of the leaves is a multiple of 1/5, Some 
time later, Kepler observed that the pentagon was a frequent feature of flowers, 
which often have five petals, and fruits, which have seeds frequently arranged as a 
star, as is the case with apples. 

Phyllotaxis and mathematics started to come together in the nineteenth century 
thanks to German naturalist Karl Schimper (1803-1867) and the French crystal- 
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lographer Auguste Bravais (1811-1863). Both noted the appearance, in pine cones, 
of consecutive numbers within the Fibonacci sequence. Their studies revealed that 
the factors governing patterns of phyllotaxis, could be expressed as the quotients 
of Fibonacci’s numbers. 

Since then, the Fibonacci sequence and botany have been bound together. In 
1968, the American mathematician Alfred Brosseau studied 4,290 cones of ten dif- 
ferent species of Californian pine tree and was able to prove that, with the insignifi- 
cant exception of 74, the rest followed Fibonacci’s sequence. That was 98.3% of the 
sample. As is often the case, after a sufficient amount of time had passed, the scientific 
community had an attack of scepticism and repeated the experiment in 1992. The 
Canadian botanist Roger V. Jean enlarged the study to 12,750 observations of 650 
different species. This time Fibonacci’s sequence appeared in 92% of the cases. 

The leaves of most tall-stemmed plants emerge in spirals, and they tend to fulfil 
a particular law of divergence that is true for all plant species. The law says that 
the angle formed by two consecutive leaves is constant and is called the angle of 
divergence. This angle can be expressed in degrees or as a fraction in which the 
numerator is the number of turns around the stem from one leaf to its equivalent 
above on the stem, and where the denominator is the number of leaves found along 
the spiral between these two leaves. 

The Schimper-Braun series, formed by the ratios of one of the numbers in the 


Fibonacci sequence and the number two places ahead: a, /a,,,, gives us a classifica- 


We? 


tion of many species according to their angle of divergence. If we remember that 


the quotient between two consecutive numbers a,,, /a,, tends toward ®, we can 


ntl 


The number of spirals (8, 13) in each direction on this pine cone are consecutive 
numbers in the Fibonacci sequence. 
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say that those of the Schimper-Braun series tends toward 1/@*. The mathematical 
proof will be something like: 


a, 4, Se ey. —- ais 1 
A= ty Jim = Jim im 4 = q 
mea a neq tee Dd & 
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The truly difficult question to answer is how do plants “know” that they have 
to arrange their leaves according to the Fibonacci sequence? Well, plants grow from 
the point of the stem, which has a conical shape. The leaves that grow first tend to 
radiate from the stem when the plant is viewed from above. Bravais discovered that 


every new leaf appears approximately 137.5° after the last. If we calculate 


(360° corresponds to an entire turn), we get 137.5°, sometimes called the 
golden angle. 

Working the other way around, from mathematics to botany, a group of scientists 
headed by N. Rivier discovered in 1984 that, using a mathematical algorithm with 
an angle of growth equal to the golden angle, one gets configurations that are similar 


to those seen in the seed heads of real sunflowers. His conclusion was interesting: the 


Every consecutive leaf around the stem of a 
sunflower sprouts approximately 137.5° from 
the preceding one. 
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need for homogeneity and comparable structures in living things is what drastically 
limits their possible forms, In turn, that could explain the frequent appearance of 
Fibonacci numbers and the golden ratio in phyllotaxis. Other experiments with 
magnetic fields also demonstrate configurations with golden spirals. 

In this distribution of virtual seeds generated by a computer we can clearly see 
the emergence of a large number of spirals with different curves. The number of 
spirals with similar lengths in both directions generally relate to successive entries 
in the Fibonacci sequence, 


The classic experiment in this field was performed by the German mathemati- 
cian, Gerrit van Iterson, in 1907. He accumulated successive points separated by 
137.5° in spirals and demonstrated that the human eye observes a clockwise and 
anticlockwise family of spiral patterns. The number of spirals in the two families 
tend to be consecutive Fibonacci numbers. The sunflower is the most spectacular 
and best known example of this phenomenon. When we look at a sunflower, we see 
clockwise and anticlockwise spirals formed by the flower’s seeds. The quantities of 
each of these spirals are also consecutive numbers of the Fibonacci sequence. The 
most frequently occurring pairs are 21 and 34, 34 and 55, and 89 and 144. 
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Is all this an intrinsic characteristic of growth or is it just a fascinating 


coincidence? 


A sunflower presenting a set of 21 and 34 spirals going in opposite directions. 


The branches of trees are arranged along the same patterns as the leafs on a plant. 
Again, the branches don’t emerge one on top of the other, but in the form of spirals. 
The size of a tree changes through the course of its life, but the proportion between 
its height and the length of its branches is maintained, as well as their relative shapes. 
Thanks to this, an informed observer can distinguish one species from another from 


a distance without having to examine its leaves or bark up close. 


1 1 


Branches Leaves 


Sneezewort (Achillea ptarmica) is one of the many plants with branches and leaves 
arranged according to the Fibonacci sequence. 
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Flowers and petals 


The number of petals in many flowers also 
tends to match some of the terms in the Fi- 
bonacci sequence, as in the case of the lilac 
(3 petals), the ranunculus (5), the larkspur (8), 
the calendula (13) or the aster (21). Differ- 
ent types of daisy have differing numbers of 
petals, but they are always Fibonacci numbers 
(21, 34, 55, 89). 

A common vignette in love stories is to ask 
a daisy, petal by petal: He loves me? He loves 
me not? One could think that a mathematician 
in love would have an advantage when pulling 


The number of petals in a daisy is always 
a number in the Fibonacci sequence; in 


this case, 21. 


the petals off a daisy, but it is not so. Fortunately, nature and Fibonacci’s sequence 


leave room for chance and the mystery remains locked in the flower. Although the 


number of petals on a daisy is a Fibonacci number, the sequence has odd and even 


values, and we don’t know how many petals a particular daisy will have until we 


start to pluck. There is no sure answer for the romantics among us. 


As is the case of architecture, sometimes the presence of the golden ratio in plants 


can appear too ordered to be natural. However, rigorous experimentation in this 


area not only gives food for thought, but aesthetic nourishment as well. 


——$$____—_| 
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The leaves of a Scots elm (Ulmus glabra) and a common fig (Ficus carica) are 
sectioned according to their relationships with the golden ratio. 
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The nautilus 


The equiangular or golden spiral gives shape to shells, and perhaps its most ex- 
traordinary example is the shell of the nautilus (Nautilus pompilius). Internally, the 
shell grows by adding chambers, each one larger than the previous one, but always 
maintaining its shape. A new chamber is added on top of the old one, in exactly 
the same shape, only larger. 


The spiral structure of the nautilus is 
also similar in form to rotational turbu- 
lence, such as can be seen in whirlpools or 
bath water going down the plughole. Ona 
grander scale, it is the arrangement of the 


spiral arms of some galaxies. 


In nature, there are also structures that come 
from the pentagonal shape, such as the 
starfish, 
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Fractals and the golden ratio 


In Chapter 1, we saw two expressions for ®, the first as a continued fraction, the 


second as the root of other roots 


= 1+yityi+v1+ 


——— =[1.11,..J=[7] (1) 


2) 


If we continue to solve either of these expressions, we will get subdivisions of 


subdivisions, roots of roots, in an infinite descent. Once we have grown tired of 


this, we can take a look at the final term, as though we were looking through a 


microscope at ever finer details. We will always find, however deeply we may think 
we have descended, that the expression is still the same. This complicated mental 


exercise is the door that leads us into the world of fractals. 


Benoit Mandelbrot, the mathematician 
who developed the concept of fractals. 


The theory of fractals appeared in 1975 
with the publication of an essay titled 
Fractals: Form, Chance and Dimension, by the 
French-Polish academic, Benoit Mandelbrot 
(1924-2010). In the introduction, the author 


explains that he coined the terms fractal ob- 


Ject and fractal from the Latin adjective fractus, 


meaning “shattered”, but perhaps “fractional” 
is the better translation. Seven years later, in 
The Fractal Geometry of Nature, Mandelbrot re- 
defined his idea as “a collection in which the 
Hausdorff-Besicovitch dimension is strictly 
larger than its topological dimension.” We will, 
if not to clarify completely, at least attempt to 
explain this idea. 

Remember that classical geometric objects 
have whole dimensions; the point has 0 di- 
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mensions, the straight line 1, the plane 2, space 3.A fractal dimension, on the other 
hand, is a decimal dimension. Located between two whole numbers, fractals can- 
not be treated as a “normal” volume and area. In the fractal universe, it is perfectly 
possible to have a non-whole dimension. A fractal with a dimension larger than 1 
and less than 2 is a surface not limited by a curve or a group of straight lines, but it 
doesn’t become a flat plane like dimension 2. 

This occurs in the Koch curve, that can be constructed by a repeating geometric 
process, as we shall see below. If the fractal dimension is between 0 and 1, as in the 
so-called Cantor set, it is a set of points in a line that do not form a straight line, even 
though they are infinite and are infinitely close to each other. In effect, a curious 
geometric paradox. 

One characteristic of a fractal is self-similarity. In other words, it maintains the 
same shape as it increases or reduces in scale. Whether we look at them from up 
close or from a distance, in general or in detail, the image we see will always be 
the same. 


The snowflake fractal 


The Koch curve or fractal is also known as the “snowflake” because it is a stylisation 
of that shape. It is one of the first fractal figures, defined in 1906 by the Swedish 
mathematician Helge von Koch (1870-1924), long before the idea was formalised 
with the name used today. Let’s see how it is formed and what its properties are. 

Starting with an equilateral triangle, we divide each side into three equal 
segments. We then eliminate the central part of each segment and draw an out- 
ward-pointing equilateral triangle with sides equal to the middle segment that we 
previously eliminated. 


We repeat the process with each round of the increasingly small equilateral tri- 
angles we create. The process soon becomes too difficult to carry out with pencil 


and paper, but a computer can show the development easily. 
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We can calculate the length and the area of the snowflake curve. In each of the 
steps we change a segment of length 3 (with 3 segments) into another of length 4 
(with 4 segments). 


+> 


a 


Therefore, in each iteration we multiply the initial length by 4/3. So, if the 
initial length of the equilateral triangle is L, in the iteration n the longitude of the 
curve will be 


Since 4/3 is greater than 1, this expression’s value can be made to be as large 
as we want! Putting that in mathematical terms, the length of the Koch curve, L, , 
tends toward infinity. We can make it longer and longer in perpetuity. 

Let’s see what happens with the area. We'll assume that the initial triangle is of 
area A = 1, 
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If we divide it into triangles with sides that are the third segments, we have 9 
smaller triangles. Three more were added in the first iteration, which is 1/3 of the 
initial area. Therefore, we have: 

A, =1+1/3=4/3. 


In each of the points of the star T,, we add 4 small triangles in the following 
iterations, T,, that is, 4/9 of the area of these points, that are the third part of the 
total area A,, that is we add et 


With the same reasoning, in each of the following iterations we add 4/9 to the 
area of each point in the flake, so that our total area is 


2 3 
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This expression can be calculated by subtracting a common factor and applying 
the parentheses as an indefinite geometric progression: 
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That is to say, after an infinite number of iterations, we have a curve of infinite 
length, but it surrounds only 1.6 times the area of the original triangle. 

The dimension of the “snowflake” is contained within 1 and 2. Let’s remember 
our first step: we jumped from a segment of length 3, to one of length 4. If we 
stay on the straight line, its dimension is 1 because 3' = 3. If we had made a square 
with side 3, it would have an area of 9 because 3? = 9, and the surface would have 
a dimension of 2. As we pass on to length 4, we will find a number d, the dimen- 


sion, such that 34=4. .To find it, we have to turn to logarithms. 


log4 
log3 


d 


= 1.2619, 


As we see, the dimension is fractional, fractus, in the Latin revived by 
Mandelbrot. 


There is a variation of this curve that is very familiar to us: the anti-snowflake 
of Koch. It is defined similarly to the snowflake, but the iterations are within the 
figure. The operation is used for the logo of a Japanese car brand. 


But fractals are much more than a curious mathematical artefact: nature is ulti- 
mately fractal. To verify this, all we have to do is look at trees: the growth pattern 
of the branches can be modelled with fractals with astonishing precision. There are 
many fractal models of trees that extend from each knot always at a determined 
angle to form branches whose length is that of the preceding branch multiplied by 
a factor f According to the value of this factor, the branches can end up overlap- 
ping that is, growing on top of each other. This problem must be resolved if we 
want to have an efficient model of reality. To avoid this, we need to know what the 
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limit is of factor f: Studies demonstrate that it has to do with ®, because it has to be 
that f=1/@, 

If instead of starting the tree with a straight line, we do it with a figure, an 
equilateral triangle, for example, and place on each vertex of the triangle another 
equilateral triangle whose side is equal to the original’s, multiplied by a factor f (in 
this figure, f= 1/2), so that the branches do not overlap but only touch, the maxi- 
mum value of fis also f =1/®. 


Romanesco cauliflower (the flower of a variety of cabbage, Brassica oleracea) is 
the most beautiful example of a natural fractal because its structure can be clearly 
seen, without the need for calculations or mathematical formulae. If we cut any 
piece, its shape is always the same as the whole. We can verify its relation to ® when 


The spirals that form to the right and to the left in this Romanesco cauliflower are terms in 
the Fibonacci sequence. 
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we count the spirals that form it in either direction. The results are two consecu- 
tive terms in the Fibonacci sequence. There are 8 spirals toward the right, and 13 
toward the left. 


End of the journey 


The world of fractals is deep and complex and we have barely touched on it. The 
manifestations of ® in fractals goes way beyond what we have seen, deep into 
unknown territory. What is of interest is that an ancient and venerable number 
that began its mathematical path more than 20 centuries ago is still featuring in 
the mathematics of today. The number ® is not a toy to be thrown into a box of 
memories; it persists with an unstoppable power. 

Here our journey comes to an end. Hopefully the scenery along the way has 
been just as rewarding as the destination. We have made many stops in very diverse 
fields: painting, architecture, astronomy, design, and nature itself. We have crossed 
into a territory with vast horizons. We have learned only how to travel across it; 
much of its features remain to be discovered by other adventurers. 

A web page of Western Washington University stores 10,000 decimals of ®. If 
we look through them, we will most certainly come across the date of our birth, 
and also the registration number of our car. In truth, we will find any and all of the 
numbers we can imagine. 
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Original Texts 


Chapter V of The Divine Proportions by Luca Pacioli 


In chapter five of his book, Pacioli gives the five reasons why he thinks it appropri- 
ate to call the relation of the segments resulting from the mean and extreme ratio 
“the divine proportion.” The text mixes philosophical, theological and mathemati- 
cal ideas. 


Of the title that is appropriate to the present treatise or compendium 


It seems to me, Excellent Duke [of Milan], that the appropriate title for our treatise has to be 
The Divine Proportion, due to the large number of similar correspondences I find in our 
proportion, which we discuss in this our very useful discourse, that correspond to God Himself. 
For our purpose it will be sufficient to consider four of them, amongst others. 


The first is that it is one and only one, and no other classes or differences can be assigned 
to it. And said unity is the supreme epithet of God Himself, according to the entire theological 
and philosophical schools of thought. 


The second is that of the Holy Trinity, that is, as in divinity we have the same substance 
in three people, Father, Son and Holy Spirit, in the same manner a single proportion will 
always be found between three terms, and never more nor less, as we shall see, 


The third is that, just as God cannot properly be defined nor made known to us through 
words, our proportion can never be determined by an intelligible number nor expressed by 
any rational quantity, but rather it is always hidden and secret and is called irrational by 
mathematicians, 


The fourth consists in that, just as God can never change and is all Himself in all and in 
all places, in the same way our proportion is always, in all quantity continuous and discrete, 
large or small, the same and always unchanging, and in no way can it change nor can the 


intellect apprehend it in another way, as our explanation will demonstrate. 


143 


APPENDIX 


The fifth correspondence can, not without reason, be added to the preceding four: just as 
God confers Being to the Celestial Virtue, also known as the fifth essence, and through it to 
the other simple bodies, the four elements, earth, water, air and fire, and through each of these 
gives life to everything else in nature, in the same way our divine proportion confers formal 
being, according to the Ancient Plato in his Timeon, to the sky itself, attributing to it the shape 
of the so-called dodecahedron, or body with twelve pentagons, which, as we shall demonstrate 
below, cannot be formed without our proportion. And in the same way assigns a particular, 
differentiated shape to each of the elements: fire to the pyramidal figure called tetrahedron, 
earth to the cubic called hexahedron, air to the figure called octahedron, and water known as 
icosahedron. And according to the sages, all regular bodies are occupied by these shapes and 
figures, as we discuss each one of them below. Through these, our proportion gives shape to 
other infinite bodies called dependent. And it is not possible to compare these five regular 
bodies with each other, nor can they be circumscribed to the sphere without our proportion. 
Although one could add other correspondences, suffice it to emphasise these for the appropriate 
appellation of the present treatise. 


Presentation of The Divine Proportion by Luca Pacioli 


The following excerpt presents the two consecutive chapters that set out the divine 
proportion in the work of Pacioli. ChapterVII describes how to recognise a golden 
ratio, and chapter VIII contains how to calculate it. 

The text has been translated in the style in which it was written, which makes it 
tricky for the modern reader.The principal problem is that by today’s standards the 
discourse is too digressive. What is elementary knowledge today, taught in primary 
school, like the equality of fractions, involves laborious explanations and the frequent 
use of the idea and the word “proportion” by Pacioli. In Pacioli’s time, around the 
year 1500, mathematical notation was still very undeveloped and the concept of a 
formula was unknown. We can see from the text, the great difficulty the author had 
in expressing himself with 
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in words alone, without the use of symbols. 


However, what makes reading this text worthwhile is not just its historical impor- 
tance with regard to the golden ratio, but because it offers a snapshot of the state of 
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mathematics in a bygone age. From this point of view, the work of the distinguished 
Italian thinker, that of his contemporaries and, above all, the achievements of his 
predecessors, acquire even greater stature when we realise that they were working 
within the limits of inadequate mathematical language. 


CHAPTER VII 


Of the first effect of a line divided in accordance with our proportion 


When a straight line is divided according to the proportion of the mean and the extremes, 
because this is what the sages called our exquisite proportion, if to its larger part we add half 
of the line proportionally divided like this, it will necessarily follow that the square of its total 
is quintupled, that is five times larger than the square of the half of the total. 

Before continuing, we must clarify how we are to understand and include said proportion 
between the quantities, and how the sages refer to it in their works. I say then that they call 
it proportio habens et duo extrema, that is, proportion that has the mean and the two 
extremes, which is what occurs with every ternary, because whatever the chosen ternary, it 
will always have a mean with its two extremes, because the mean could never be understood 
without them. 


How we understand the mean and the extremes 


I understand how we define our proportion, with its particular name; we still have to clarify 
how we are to understand the mean and the extremes in any quantity and what conditions 
need to be met for them to render the divine proportion. For this, we need to know that be- 
tween terms of the same type, there always are, necessarily, two essential characters or propor= 
tions; namely, one between the first term and the second, another between the second and the 
third. For example: if there are three quantities of the same type and there is no other way 
that we can see that there is proportion between them, let the first be a and its number is 9; 
the second b and 6; the third c and 4, 

I say that between them there are two ratios, one of a and b, that is of 9 and 6, which in 
our work we call sesquialtera, which is when the larger term contains the smaller one-and- 
a-half times, since the 9 contains the 6 and also the 3, which is half of 6, which is why it is 
called sesquialtera, (. . . ). There is also the ratio of the second, b, with the third, c, that is, 
of 6 and 4, another equally sesquialteral proportion. Whether these are similar or dissimilar 
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does not concern us at the moment, because our intention is only to clarify how between three 
terms of the same kind there are necessarily two proportions. I say that, in the same way, our 
divine proportion observes the same conditions; that is, always between its three terms, the 
mean and the two extremes, it invariably contains two proportions always of a single designa- 
tion. And this, whether the others are continuous or discontinuous, can occur in infinite ways, 
because sometimes between its three terms it will be double, others triple, and so too of the rest 
for all the common types. But between the mean and the extremes of our proportion there can 
be no variations, as we shall see (.. . ). 

Therefore we have to know, to recognise it amongst the quantities that present themselves, 
that always between its three terms it is ordered in continuous proportionality, as follows: the 
product of the smaller extreme and the sum of the smaller and the mean is equal to the squar- 
ing of the mean, and consequently, said sum will necessarily be its larger extreme; and when 
we find the three quantities of any type so ordered, it is said that they are in the ratio of the 
mean and the two extremes; its larger extreme is always the sum of the smaller and the mean, 
and we can say that said larger extreme is the whole divided into those two parts, that is, the 
smaller extreme and the mean of this group of terms. We must note that this ratio cannot be 
rational, and because the smaller extreme can never, with respect to the mean, be designated 
any number at all, since the larger extreme is rational; since they will always be irrational, as 
we shall clearly state below. 


CHAPTER VIII 


How we understand the quantity divided according to the ratio of the mean and the 
two extremes 


We must know, after much thought, that the division of a quantity according to the ratio of 
the mean and the two extremes signifies: to make of that quantity two unequal parts such 
that the ratio of the product of the smaller to this undivided quantity is the same as the 
square of the larger part. But, in the case that it is annoying to divide that quantity according 
to the ratio of the mean and the two extremes, and we wish instead, to make two parts such 
that the ratio of the product of one to said quantity be equal to the square of the other part, 
whoever understands well and is an expert in the art will have to reduce the proposition that 
the quantity be equal to the square of the other part; will have to reduce the proposition to 
our proportion, because in no other way can it be interpreted. So, if someone is told to: “make 
into 10 two parts such that, multiplying one part by 10 it equals the other part multiplied by 
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itself,” treating this case and others like it, according to the indications we gave in the specula- 
tive practice called algebra, and almucabala by another name, and the rule that we give on 
this point in our work, he will find as a solution that one part, that is, the smaller, is 15 less 
the root of 125 and the larger part is root of 125 less 5. And these parts, so described, are 
irrational, and in the art are called residuals whose species are 6. In the vernacular these parts 
are described as follows: the smaller, 15 less the root of 125, This means that, taking the root 
of 125, which is little more that 11, and subtracting it from 15, we will be left with little more 
than 3, or, a little less than 4. And the larger is described as: the root of 125 less 5; and it 
means that, taking the root of 125, which is a little more than 11, as we said, and subtracting 
5, we are left with a little more than seven or, a little less than 7 for the larger part. But such 
operations of multiplying, adding, subtracting, dividing residuals, binomials and roots and all 
the other rational and irrational quantities, whole and broken, in all ways, having fully dem- 
onstrated them in our work, I don’t wish to repeat them in this treatise, since we only desire 
to say new things and not those that have already been said and repeated. 

Thus divided every quantity, we will always have three terms ordered in the continuous 
proportionality according to which one is all the quantity so divided, that is, the larger extreme, 
as in the case proposed here, 10; the other is the larger part, that is, the mean, as the root of 
125 less 5; and the third, the smaller, that is, 15 less the root of 125. Between these there 
is the same ratio, that is, the first to the second as the second to the third, and therefore of the 
inverse, the third to the second as the second to the first. And it is the same if we multiply 
the smaller, that is 15 less the root of 125, by the larger, which is 10, as if we multiply the 
mean by itself, that is, the root of 125 less 5, because either multiplication gives us 150 less 
the root of 12.500, as our proportion seeks. So we say that 10 is divided according to the 
ratio of the mean and the two extremes, and its larger part is the root of 125 less 5, and the 
smaller is 15 less the root of 125, both necessarily being irrational. And this is all that refers 
to the quantity so divided. 


Elements of Geometry, by Euclid 


Book Six of Elements, by Euclid, contains the Eudoxian theory of proposition and 
plane geometry. In it, Euclid establishes the theorems of similar triangles and the 
construction of the third, the fourth and the proportional average. This is the first 
mathematical appearance of the golden ratio. We find it in Definition 3 in its most 
classical expression, as the proportion between “mean and extreme ratio,” and in 
Proposition 30 where Euclid gives an example of its application. 
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Book Six 


Definitions 
3. We say that a straight line has been divided in extreme and mean ratio when the whole 


line is to the larger segment as the larger segment is to the smaller segment. 


Propositions 
Proposition 30. Dividing a given finite straight line in extreme and mean ratio. 

Let AB be the given finite straight line. 

Then the straight line AB must be divided in extreme and mean ratio, 

Starting with AB build the square BC and apply to AC the parallelogram CD equal to 
the sum [area] of BC and the figure AD similar to BC. 


Now, BC is a square; therefore AD is also a square. And as BC is equal to CD, take CE 
away from both; then the remaining parallelogram BF is equal to the remaining parallelogram 
AD. But both are equiangular; therefore the sides that contain the equal angles of the paral- 
lelograms BE AD are inversely proportional; therefore, as FE is to ED, so is AE to EB. But 
FE is equal to AB and ED to AE. Therefore, as BA is to AE, so is AE to EB. But AB is 
larger that AE; then, AE is also larger than EB. 

In this way, we have divided the straight line AB in extreme and mean ratio by E and 
its larger segment is AE. 
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Although Book Six is the best known for its discussion of the golden ratio, Euclid 
already presents the golden ratio in Proposition 11 of Book Two, which attempts 
to solve in geometric terms the equation a (a - x) = x?. Basically, this proposition is 
the same as Proposition 30 of Book Six, and the only difference is the terminology. 
One could say that Proposition 11 of Book Two is the first proposition in which 
the golden ratio appears, but the author seems to wish to reserve these questions 
for later. At this point Euclid hides them under a problem of rectangles. In any 
event, he also demonstrates that any problem having to do with the proportion 
between lines can be converted into a problem of the area of rectangles. 


Book Two 


Proposition 11, To divide a given straight line such that the rectangle included by the whole 
straight line and one of the segments is equal to the square of the remaining segment. 


Let AB be the given straight line, 


Therefore, AB has to be divided such that the rectangle included by the whole straight line 
and one of the segments is equal to the square of the remaining segment. 
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Starting with AB construct the square ABDC and divide AC in two at point E and 
draw BE, Extend CA to F and make EF equal to BE. Starting with AF make the square 
FH, and prolong GH to K. 

So, since the straight line AC has been divided into two by point E and FA has been 
added, then the rectangle that includes CF, FA along with the square of AE is equal to the 
square of EF But EF is equal to EB; therefore, the rectangle that includes CE FA along with 
the square of AE is equal to the square of EB. But the squares of BA, AE are equal to the 
square of EB, because the angle corresponding to A is a right angle; therefore, the rectangle that 
includes CE FA along with the square of AE is equal to the squares of BA, AE. Subtract 
from each the square of AE; the remaining rectangle that includes CF FA is equal to the 
square of AB, Therefore, the rectangle that includes CE FA is FK: because AF is equal to 
FG; but the square of AB is AD; therefore FK is equal to AD. Subtract AK from both; then 
the remaining square FH is equal to HA, And HA is the rectangle included by AB, BH: 
because AB is equal to BD; but FH is the square of AH; therefore the rectangle that includes 
AB, BH is equal to the square of HA. 


In this way, the given straight line AB has been divided in H such that the rectangle, AB 
by BH is equal to HA 


Fibonacci and his Liber Abaci 


Fibonacci’s Liber Abaci is an enormous book, filled with interesting problems based 
on arithmetic and algebra encountered by its author in his travels. Fibonacci’s 
intention was to demonstrate the usefulness of the Hindu-Arabic decimal system 
and its numerals and to encourage its introduction in Europe. The first paragraph 
of his work constitutes the first appearance in Western history of the numbers we 
use today. 


The nine Indian numbers are: 9 87 6 5432 1. 


With these nine numbers, and with the zero sign, that the Arabs call zephyr, any other 
number can be written, as we shall demonstrate below. A number is a sum of units, and 
through their addition a number can increase without end, First these numbers, that go 
from one to ten, appear. Then, from the tens we construct the numbers that go from ten to 
one hundred. Then, from the hundreds we construct the numbers that go from one hun- 
dred to a thousand... And in this way, in an infinite sequence of steps, any number can 
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be constructed by joining the preceding numbers. The first place in writing the numbers is 
to the right. The second follows the first to the left. 


Fibonacci’ “Indian” numbers were the Hindu-Arabic numeral system. He wrote 


them from right to left, following the direction of Arabic writing. The revolutionary 


nature of this number system was not simply a practical question, Fibonacci was 
importing a very powerful idea, the zero. 


In Chapter XII there appears the problem for which Leonardo Pisano is now 


remembered — the proliferation of rabbits. Here we show the original text, with his 


notes in the margin included. 


Start, 1 


First month, 2 


Second, 3 


Third, 5 
Fourth, 8 


Fifth, 13 
Sixth, 21 
Seventh 34 
Eighth, 55 


Ninth, 89 
Tenth, 144 


A certain man had a pair of rabbits together in an enclosure, and 
wanted to know how many rabbits could be born from this pair over 
the course of a year given that, by their nature, rabbits can give birth 
to a pair of rabbits each month, and each new pair are ready to give 
birth the following month. 


When the first pair gives birth in the first month, the man doubles 
his rabbits; he will have 2 pairs in one month. 


One of the pairs, the one that was the first one, gives birth in the 
second month, and so, in the second month there are 3 pairs; of these, 
in one month, two are pregnant, so that in the third month two pairs 
of rabbits are born, and so there are 5 pairs in this month; three pairs 
are pregnant in the fourth month, so there are 8 pairs in the fourth 
month, of which five pairs give birth to five other pairs; these are added 
to the preceding eight adding 13 pairs in the fifth month; these five 
pairs that are born in this month don’t mate, but another eight pairs 
are pregnant, so there are 21 pairs in the sixth month; to these we 
have to add the thirteen pairs that are born in the seventh month, so 
there will be 34 pairs in this month; to these we will have to add the 
twenty-one pairs that are born in the eighth month, leading to 55 pairs 
in this month; we will have to add thirty-four pairs that are born in the 
ninth month and we will now have 89 pairs in this month; to these we 
again add the fifty-five pairs born in the tenth month and there will 
be 144 pairs in this month; we will again add the eighty-nine pairs 
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Eleventh, 233 born in the eleventh month, so we will have 233 pairs in this month. 
To these we will add the one-hundred-and-forty-four pairs born in 
the last month. By the end of the year, the pair with which we began 

Twelfth, 377 will have generated 377 pairs of rabbits. 


We can see from the margin the method we have followed: we added the first number to the 
second, that is, the 1 to the 2, and the second to the third and the third to the fourth and the 
fourth to the fifth, and so on, one after the other, until we added the tenth to the eleventh, that 
is 144 to 233, and we get to the number of rabbits demonstrated above, that is 377, which 
can continue to be increased for an infinite number of months. 


The series of numbers presented by this problem, and the proportion by which 
they increase, was subsequently known as the “Fibonacci sequence,” although its 
author never knew that it would carry his name, since he probably didn’t acquire 
this nickname until many centuries later. In fact, Kepler himself mentions “Pisano’s 
numbers” in a publication dated 1611 describing their proportions in a complicated 
manner: “as 5 is to 8, as 8 is to 13, as 13 is to 21.” 

More than one hundred years later, Jacques Binet (1786-1856) developed a 
formula for finding any number in the Fibonacci sequence given its position in 
the sequence. With Binet’s formula we can find, for example, number 118 in the 
Fibonacci sequence without having to calculate the preceding numbers. The process 
for reaching Binet’s formula is somewhat complex, so we will present it briefly and 
then we will give an example of its effectiveness. 

It is clear that the definition of the Fibonacci sequence is recurring, that is, we 
have to calculate several preceding terms to find a particular term. If Fibonacci’s 
numbers are defined by the equations 


mS 
D 
toh, 


_+F_, paran=2,3,4,5... 


these equations define the relation of recurrence 
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An interested reader can turn to the general text of the book, where he or she 


will be led step-by-step to the quotient F.,,/F, and its value in the limit, called & 
or golden ratio. There he or she will find the expression 
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o= 


which is the basis of many subsequent arithmetic calculations. Binet arrived at the 


formula 
ca) 


in a fairly laborious manner that we will not reproduce here. 


Substituting the value of > in [+ -(-3) we get the formula in terms of real 
numbers. $ 
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The Golden Ratio 


The beautiful language of mathematics 


Can you express beauty in mathematical terms? Since 
ancient times, the golden section (or golden ratio) has 
been considered a yardstick for beauty, and mathematicians 
have applied their theories to all manner of visual delights. 


Discover, too, how the series of numbers identified by 


Fibonacci obeys the rules of the golden ratio. 


